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Synopsis—The most obvious method for determining the distor-
tion of telegraph signals is to calculate the transients of the tele-
graph system. This method has been treated by various writers, and
solutions are available for telegraph lines with simple terminal con-
ditions. It is well known that the extension of the same methods to
more complicated terminal conditions, which represent the usual
terminal apparatus, leads to great difficulties.

The present paper attacks the same problem from the alterna-
tive standpoint of the steady-state characteristics of the system.
This method has the advantage over the method of transients that
the complication of the circuit which results from the use of ter-
minal apparatus does not complicate the calculations materially.
This method of treatment necessitates expressing the criteria of dis-
tortionless transmission in terms of the steady-state characteristics.
Accordingly, a considerable portion of the paper describes and il-
lustrates a method for making this translation.

A discussion is given of the minimum frequency range required
for transmission at a given speed of signaling. In the case of carrier
telegraphy, this discussion includes a comparison of single-side-
band and double-sideband transmission. A humber of incidental
topics is also discussed.

SCOPE

THE purpose of this paper is to set forth the results of the-
oretical studies of telegraph systems which have been made
from time to time. These results are naturally disconnected
and in order to make a connected story it has been necessary
to include a certain amount of material which is already well
known to telegraph engineers. The following topics are dis-
cussed:

1) The required frequency band is directly proportional
to the signaling speed.

2) A repeated telegraph signal (of any length) may be
considered as being made up of sinusoidal compo-
nents. When the amplitude and phase, or real and
imaginary parts, of these components are plotted
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as ordinates with their frequencies as abscissas,
and when the frequency axis is divided into parts
each being a frequency band of width numerically
equal to the speed of signaling, it is found that the
information conveyed in any band is substantially
identical with that conveyed in any other; and the
bands may be said to be mutually redundant.

The minimum band width required for unambiguous
interpretation is substantially equal, numerically, to
the speed of signaling and is substantially indepen-
dent of the number of current values employed.

A criterion of perfect transmission is selected; and a
discussion is given of the characteristics which the
received wave must have to be nondistorting with the
requirement that the frequency range should not be
greater than necessary.

Directions are sketched for specifying systems to
meet this requirement.

Several alternative criteria of distortionless transmis-
sion are considered and a method for computing the
corresponding transmission characteristics of the cir-
cuit is explained and illustrated.

An analysis is given of the carrier wave, and it is
shown that the usual carrier telegraph requires twice
as much frequency range as the corresponding d-c.
telegraph, other things being equal.

A discussion is given of two alternative methods for
overcoming this inefficiency of carrier telegraphy,
namely, the use of phase discrimination and of a
single sideband.

After the d-c. and carrier waves have thus been ana-
lyzed a corresponding analysis is given of an arbitrary
wave shape, including these two as special cases. Cal-
culations are given on the shaping of the transmitted
wave so as to make the received wave perfect.

A discussion is given of the dual aspect of the tele-
graph wave. The wave may be looked on either as
a function ofw, requiring the so-called steady-state
method of treatment, or as a functionzofequiring

the so-called method of transients. It is shown that
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the steady-state theory can be made to yield the in- f(¢)
formation necessary to specify the characteristics of g, go, g1, g2
an ideal system.
11) Adiscussion is given of the effect of interference and ¢(¢)
departures from ideal conditions. h
The economy in frequency range, indicated under 2) and
3), should be considered as a theoretical limit which cannot H(w)
be attained in practice but which can be approached, the
closeness of approach depending on the degree with which?
the requisite conditions are fulfilled. In practice, it is essen- I(t), I
tial to limit the cost of terminal apparatus and this, in turn, I
may lead to imperfect utilization of the frequency range. i
In certain portions of the paper the discussion is limited &
to ideal telegraph systems and it is the characteristics of suchX
systems which are referred to above [4)-6)]. These ideal sys-m
tems have certain ideal transmission characteristics; while NV
the reader is given sufficient information to specify suitable
equalizers to produce an ideal system, there is no informa-n
tion given as to how to proceed to build equalizers to meet
the requirements. It is not within the scope of the paper to p
enter into the practical questions of cost and detailed con-
struction of signal shaping devices. While these subjects areq
of great importance, it is thought best to confine the paper R
to theory. Lest the reader should think this lack of equalizer
theory a fatal weakness in the whole theory presented, atten-S,,, S
tion is called to the discussion of generalized wave shape;
where directions are given for approaching the ideal case asS},, S/
closely as desired, by shaping the sent wave to take care ofs
any residual imperfections in the transmission characteristic. s
Finally, under the discussion of interference, mentionis made T’
of the effect of departures from the ideal in the matter of sig- ¢, ¢/

naling speed, transmission characteristic, etc. T
Y(w), Y, ¥,
Y7 andY,

SYMBOLS Y
¢

A(t) Indicial admittance. w

An A The coefficient of the:th cosine term in a

Fourier series.
an, a Magnitude factor of théath signal element.  we

a General quantity in formulas.

Wave form.

Conductance (real part of transfer admit-
tance).

Envelope of a carrier wave.

Any positive integer, indicates order of
signal element.

An abbreviation for
((sinw/4s) /W)Y (w)e™™.

Phase angle of carrier wave.

Wave as a function of.

Wave due torth signal element.

Unit of imaginary quantity;? = —1.

An integer or zero.

Variable under integration sign.

An integer or zero.

Number of signal elements in one repeti-
tion of a signal.

Any integer or zero, indicates order of si-
nusoidal component.

27 times frequency of repetition of a
signal.

An integer or zero.

A constant.

A subscript referring to receiving end.
The coefficient of the imaginary part of the
discrimination factor.

Defined in Appendix IV.

Speed of signaling.

A subscript referring to sending end.
Duration of one signal repetition.

Time.

An arbitrary interval of time.

Transfer admittance.

Components ot’.

The conjugate ot’".

Phase shift of a given circuit.

When positive, equalg-27 times the fre-
guency; when negative equal®r times
the frequency.

27 times carrier frequency.

B, B The coefficient of thenth sine term in a
Fourier series.

by, b Magnitude of thehth step of a rectangular
stepped signal element.

b General quantity in formulas.

b, bg, by, ba Susceptance (coefficient of imaginary part
of transfer admittance).

C, Real part of discrimination factor.

cr,cr Defined in Appendix IV.

~y Numerical factor near unity.

6 An arbitrary increment of frequency.

E@®) Wave (usually voltage wave) as a function
of ¢.

e Base of natural logarithm.

Flw), F Shape factor.

F'(w), I""(w) Defined in Appendix IV.

FoFa Specific shape factors.

NYQUIST: CERTAIN TOPICS IN TELEGRAPH TRANSMISSION THEORY

PRELIMINARY DISCUSSION

A simple telegraph system is obtained by connecting a
telegraph key and battery in series with a line at one end,
the other end of the line being connected to a sounder, both
ends of the system being grounded. Signals are transmitted
by opening and closing the key, which causes corresponding
movements of the sounder at the receiving end if the system
is properly designed and adjusted. Suppose it is desired to
transmit the Morse lette; over the system. This may be
done by closing the key during one unit of time, opening it
for one unit of time, closing it for three units of time and fi-
nally opening it for a sufficient period to assure the receiving
operator that the signal is completed. This simple telegraph
system illustrates two characteristics of telegraph commu-
nication as the term is here used which will serve, for the
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purposes of the present paper, to distinguish telegraphy frombeing rectangular, and there are three proportionality factors
other forms of electrical communication. These characteris- +a, 0, and—a. In the general case any signal element may

tics are: be expressed by the product
1) The time is divided into approximately equal units
which will be called time units. ar f ()

2) There is a finite number of conditions, and each time
unit is characterized by a single one of these condi-
tions.

In the simple illustration given, where the first time unit is
characterized by closing, the result is the “dot” of the letter
a. The second time unit is characterized by opening the key.
Thus, the total number of conditions is two, open and close.
This is in sharp distinction to the case of telephony where
there are neither simple numerical relations between the var-
ious time intervals, nor a finite number of possible current
values.

In this simple illustration the rate with which the new con- e .

. ; . . all systems transmitting the same signals.
dition establishes itself throughout the system is not gener- : : . .

i . 7 . Speed of signalings, is usually specified in dots per
ally the same on opening and closing. This is because there is . X .
. oD ) second and is defined as the number of signal elements per
a change in the terminal impedance as well as in the voltage L
) ; . . second divided by two.

applied. The system would be simpler, mathematically, if the

: ; D-c. telegraplis characterized by a rectangular signal ele-
keys were arranged to substitute for the battery an impedance i . . . .
. R ment; the voltage is held constant during the whole time unit.
equal to that of the battery. It will be assumed in this paper

that the impedance is not altered when one condition is sub- A telegraph circuit may be considered as a network upon

stituted for another. This is substantially true for polar teleg- Whlch asignaling wave is |.mpres'sed "’?t one pomt, cal!ed the
. . sending end, and from which a signaling wave is derived at
raphy but not for single-line telegraphy.

. . . another point, called the receiving end. In the illustrations
In the system under discussion there are two conditions, point, 9

given, the sent waves were voltage waves. This is not neces-
battery and no battery. In the usual forms of polar telegraphy, ©_: . . ,
. . o sarily the case in order for the discussion to apply. The sent
there are also two conditions, corresponding to positive and

negative battery potentials impressed at the sending end. invave may be a current wave, or it need not even be elec-

: trical. By providing suitable coupling the sent wave may be
well-known forms of submarine telegraphy there are three . ! _— . .
o : " . mechanical or, say, in the form of variations in a light beam.
conditions corresponding to positive battery, negative bat- . . . . )
All that is required is that the system should be linear, in-
tery, and ground or zero voltage. Throughout the paper, un- . . . . :
. . . . cluding the coupling between mechanical and electrical cir-
less otherwise stated, the discussion will apply to any number ~ . _ . L o :
. ) . cuit elements. Similarly with the receiving end it is permis-
of conditions and will, therefore, include the cases enumer- _. . . L
. sible to consider either the voltage across the receiving de-
ated as special cases. . ) : =
. . — vice, the current through it, or the motion of the receiving
Due to the distorting effect of the telegraph circuit the part . . . . S
. . S . . device to be the received wave; provided the device is linear.
of the total signaling wave which is originally associated with . C X .
. . . . ! . .. Animportant exclusion is the ordinary telegraph relay which
a given time unit does not remain confined to one time unit .

) ) . _isequipped with stops and which, therefore, is a nonlinear de-
throughout. There is overlapping between the wave portions . : .
2 T A . i ) vice. The siphon recorder on the other hand is probably sub-
originating in successive time units. It is, of course, impor-

tant to follow the history of a given contribution to the signal stantially linear. The theory of mechanical impedances and of

L coupling between mechanical and electrical impedance ele-

wave regardless of whether it is prolonged to occupy more ments will not be dealt with in this paper
time than it did originally. To this end the tergmignal ele- '
mentis introduced and is defined as the contribution to the
signal ascribed to a given time unit. Whereas a time unit is PROPORTIONALITY BETWEEN SPEED OFSIGNALING AND
of a definite duration uniquely determined by the speed of TRANSMITTED FREQUENCY BAND
signaling, the signal element ascribed to a specific time unit It will aid the discussion to assume that the signal con-
may, by the use of signal shaping, be made to extend into ad-sidered is repeated indefinitely at equal intervals. While this
jacent time units. is convenient, it constitutes no real limitation on the gener-

The concept which has been discussed under the termality of the analysis, because the intervals of repetition may
“conditions” is an important one and it is desirable to be made as large as desirable. There is nothing to prevent us
formulate it more precisely. It will be assumed, when not from making the interval very great, say, an hour or a year.
otherwise stated, that the shapes of the successive signal Take first the case of any arbitrary signal made up of any
elements are the same, so that they differ only by a factor number of elements and any finite number of different mag-
which may differ from element to element. For illustration: nitude factors (current values) and repeated an indefinitely
in the case of the submarine cable system the wave shapereat number of times. Such a periodic wave can be resolved
of the impressed voltage is the same in all three conditions, into direct current and a series of sinusoidal components. The

whereaqy, is a real factor which may vary from one signal el-
ement to another and wheyét) is a function of time. The
origin of ¢ is, of course, a fixed instant with respect to the
signal element. The functiofi(¢) will be called thewave
form. It is determined by the wave form at the sending end,
and by the transmission characteristics of the system between
the sending end and the point under consideration. It is not
affected by the particular signal or form of intelligence being
transmitted over the system. The factgrwill be called the
magnitude factarlt differs from one signal element to an-
other but is the same in all parts of the system and, in fact, in
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lowest frequency component has a period equal to the periodat the receiving end, and suppose that proper allowance is
of repetition of the signal. The next component is of double made for the known effect of the circuit on each component,
the frequency or one-half the period of the first. The third it is then possible to construct each component as it was im-
component is of triple frequency or one-third period, and so pressed on the sending end. If all the components were re-
forth. Certain components may, of course, be of zero ampli- ceived and measured, it would be possible to reconstruct the
tude, i.e., entirely lacking. While there always is a definite original wave without deformation. Now for a given wave
lowest frequency component, there is generally no highestform, (which in this case is rectangular) the magnitude and
component; in other words, the total number of components phase-angle of the individual sinusoidal components of the
is usually infinite. impressed wave are determined by the values of the quanti-
The transmission medium may alter the magnitude and ties a;, of the signal elements, and equations can be set for
phase of the sinusoidal components. Some of them may becomputing each component. Conversely these equations can
substantially completely suppressed. Further, the mediumbe solved if a sufficient number of them is taken so thatihe
may introduce components either because it is nonlinearare completely determined. Now the numbemsfis finite,
or because interfering waves exist. The net result is awhereas the number of sinusoidal components is infinite. It
deformation of the original wave. follows from simple equation theory that all of the equations
Now consider another signal which is just like the one dis- cannot be independent; and, in fact, since each component
cussed except for the distinction that the signal elements of (with rare exceptiong)yields two constants, it follows that a
the sent wave are of half the duration, that is to say, every- number of components approximately equal to one-half the
thing happens twice as fast and the signals are repeated twic&iumber of signal elements should be sufficient to determine
as frequently. It will be obvious that the analysis into sinu- the as completely, provided the components are chosen to
soidal terms corresponds, term for term, with the case just be mutually independent. It is concluded that full knowledge
considered, the difference being that corresponding terms areof N/2 sinusoidal components is necessary to determine the
of exactly twice the frequency. Now if the second telegraph wave completely. It will be shown below that this number is
system transmits currents up to twice the frequency of the also sufficient.
first and if, further, the transmitted currents are treated the The mathematical work of analyzing the wave into its si-
same in respect to attenuation, phase shift, interference, andusoidal components is carried through in Appendix I. It is
other modifying factors as the corresponding currents in the there shown that if the magnitude factors /fsuccessive
first system (i.e., currents of half the frequency), then the re- signal elements are given the valugs as, as, etc., up to
ceived wave in the second case will be the exact counterparta -, and if the signal is then repeatethe expression for the
ofthe wave in the first case; that s, its deformation will be the applied voltage can be written in the following form:
same. Generalizing, it may be concluded that for any given
deformation of the received signal the transmitted frequency E(t) = Ao/2+A; cospt + A cos 2pt + etc.
range must be increased in direct proportion to the signaling +B; sin pt + By sin 2pt + etc.
speed, and the effect of the system at any corresponding fre-
guencies must be the same. The conclusion is that the fre-wherep/2r is the frequency with which the signal is repeated

guency band is directly proportional to the speed. and where thels andBs can be computed from the formula
Itis apparent on examination of existing telegraph systems .
that the factor relating band width and line speed does, in fact, (Ap — iBn) = F(w)(Cr — i5y)

vary from system to system. The reason for this is that dif- )
ferent systems utilize the available range with different effec- N Which
tiveness. In the first place, the various components suffer dif- _ 8sinw/ds

ferent attenuation and phase changes from system to system. F(w) w/s

Secondly, interference varies from system to system; and

there are also secondary imperfections. The question then Cn =(1/N)(ay cosnm /N + az cos 3nm /N + - --
arises: What is the limiting value for this factor under ideal + an cos(2N — D)nw/N)

conditions? It is one of the purposes of the following analysis

to answer this question. Sn =(1/N){a1 sinnm /N + ay sin3n [N + - -

+ ansin(2N — 1)nrx /N).

ANALYSIS OF D-c. WAVE s is the speed of signaling, andis 27 times the frequency
of the component.

F(w) is independent of the values of the and depends
only on n and the wave form within one signal element,
which in the present case is rectangular. Its value is altered if,
rfor instance, curbed signals are used. It may, for convenience,
Je called thshape factorit should be emphasized thefw)

Initially we shall assume a system which is ideal in all
respects of interest. Later on we shall indicate how these ideal
conditions can be approximated and what will be the effect
of small departures from the ideal conditions.

Letus consider again an arbitrary signal repeated atregula
intervals. As has been brought out above, such a signal ha
an infinite number of components and can be represented by 1B, andA - are identically zero.

a Fourier series. Suppose that each component is measured 2A convenient but not a necessary restriction.
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If C,, andS,, have been determined throughout any one
of the bands, their values [an#f{w) being known, also the
values of4,, and B,,] are immediately known for the whole
range from zero to infinity. Each such band contains all the
information about the signal that the totality of bands from
zero to infinity contains. One such band (or its equivalent) is
necessary and sufficient to determine the original signal. It
will be understood that information abof{w) is not intel-
ligence in the sense here considered. It is not necessary that
the receiving end should have any information ahb@t)
at the sending end and consequently, no frequency range or
line time need be set aside for transmitting such information.
The frequency range which must be transmitted to specify
one band is numerically equal to the speed of signaling.
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Fig. 1. Discrimination factor ofC' signal. Showing the symmetry

and redundancy of successive bands. The corresponding points in A special case occurs if the transmitted band is chosen

the various bands are indicated by the same symbol. such that the shape factor is zero at some point within it. Then
A,, and B,, corresponding to this term, will be zero and the

is independent of the intelligence transmittég, — <S5,, on values ofC,, and S,, are indeterminate. The mathematical

the other hand is independent of the type of wave employed, treatment of this case would be long and difficult and it is,
but depends only on the particular signal which is consid- moreover, thought that these cases are of little practical in-
ered.C,, — iS5, is thus determined by the particular intelli- terest. For these reasons no further discussion will be given
gence being transmitted and, in turn, determines that intel-to them.

ligence completely. This factor may be called tiscrimi-

nation factor An examination of the expressions Gy, and

S,, discloses the dependence predicted above and will en-DISTORTIONLESSTRANSMISSION

able us to select components which are independent. Both |t js opvious that with a finite transmitted frequency range
Cn andS5,, are made up of periodic terms, namely, cosines ang with a rectangular sent wave, there will be deformation
and sines. Ifthe value of is increased by the valugV each of the wave form. It is, however, possible to have a deformed
one of these per_iodic function_s has its argument increas_ed bYwave and have a receiving device such that a perfect signal
an integral multiple o= and is, therefore, unaltered. Sim- s received. Suppose, for instance, that the receiving device
ilarly if » is increased byV the arguments are increased by records the value of the wave at the mid-instant of the time
an odd multiple ofr and all the terms are simply changed in - ynjt corresponding to each signal element. Then all that mat-
sign. Further, if the expressions f6f, and.5,, are written  terg js the value of the wave at that instant; it does not matter
down for the valuesV — », and if it is remembered that  pow much it is deformed in intervening intervals. For conve-
cos(m — x) = —cosz andsin(r — x) = +sinz, it will nience the terrmondistorting wavewill be introduced and

be found that will be defined as a wave which produces perfect signals. A
nondistorting wave may or may not be deformed. The cri-
terion for a nondistorting wave will vary with the manner of
receiving the signal. In this paper, when not otherwise stated,
the illustration just indicated will be taken as the criterion,

Cn_pn=-C, and Sy_, =5,.

The results may be written

CNin =—Ch, Snyn = —Sn i.e., awave will be said to be nondistorting when the value at
the mid-instant of any time unit is proportional to the magni-
CaNn =Cry AN Sovgn = Sn. tude factor for the corresponding element. In Appendix II-A,

the shape factor for this kind of wave is computed. When

Successive applications of the last formula give o . .
PP 9 the transmission characteristic of the system is such that the

Counin = Chn, and Sopnin = Sn received wave has this shape factor, the received wave is
nondistorting regardless of the number of distinct magnitude
wherek is any integer. factors employed. It will be understood that this criterion is

These relations are illustrated in Fig. 1, in which the dis- illustrative only. Later, alternative criteria will be illustrated
crimination factor is plotted as a function af The signal and discussed sufficiently to enable the reader to construct
which is illustrated in this figure may be referred to as the his own criterion proper for the system in which he is inter-

c signal. It is made of 10 signal elements whose successiveested.

magnitude factors are 1, 0, 1, 0, 0, 1, O, 0, 0, 0. An inspec- Before proceeding to determine the characteristics of the
tion of the figure will show the symmetrical relation between telegraph system which insure the ideal shape factor just dis-
points in adjacent bands of widiN/2, or 5 in this specific cussed it is worth while to broaden the subject somewhat
example. Suppose that thsignal is sent i¥’ seconds. Then by considering what other shape factors are capable of pro-
the frequency corresponding to the fifth harmonicsj&” ducing the same results. Appendix II-A gives the deduction
(generallyN/2T) which is also the speed of signaling. of more general shape factors which meet the requirements
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F tFe for the transfer admittance wherds the delay. Once the de-
2 a . sired value oft” has been found by this method, the problem
| is reduced to measuring the phase and attenuation charac-
Y kw teristics of the circuit and designing suitable attenuation and
723 1225 phase correctors to make the total transfer admittance equal
\ to Y. The actual design of attenuation and phase correctors
ot 6 does not come within the scope of the present paper.
< l < Appendix 11-B has been added for the purpose of making a
W /T\, concrete application. It may be omitted without loss of con-
v / \ . tinuity in the theory.
re s The criterion of perfect transmission in what precedes has
been that the current value at the midpoint of the time unit
Fig. 2. Ideal Shhapehfachtorsh H?rﬁ thE_dCdrliteri?n for: distorltitﬁlnless should bear a constant ratio to the impressed voltage. It will
gﬁgﬁg'zz'ounng Stt oartté dle ar?('jgc trgprteser:tl ) e; Zh‘;?)‘; fzggfs ‘vﬁﬁﬁm be noted that this is considerably different from the case of
produce a nondistorting wavé,andd shape factors which may be ordinary two-condition telegraphy, where the criterion for
added without producing distortion, the former representing a real perfect transmission is that the interval between the instants

and the latter an imaginary value. when the current passes through the mean value (or some

other specific value) shall be the same as the corresponding

of being ideal. In Fig. 2¢ is a diagram of the shape factor interval at the transmitting end. The principal reason why this
deduced as ideal, above. It is shown in Appendix II-A that criterion has not been used above, is that the corresponding
shape factors symmetrical abQuts, after the mannerillus-  method of reception is not so readily available in the general
trated at in Fig. 2, do not contribute anything to the current case where more than two conditions are used. However, it
value at the middle of the signal elements. Hence it is de- is of considerable practical importance and for this reason,
duced that shape factors such as shownaat also ideal in computations are given, (Appendix Ill), of the shape factor
the same sense. There are obviously an infinite number offor a wave which has the property in question, i.e. , of giving
these shape factors. In addition, there are an infinite numbera nondistorting wave in ordinary land-line telegraphy. While
of purely imaginary shape factors having the type of sym- the mathematics in Appendix Il is carried out for an arbitrary
metry abours which do not contribute to the value of the number of magnitude factors, it is suggested that it will sim-
wave at the middle of the signal element. Each one of this plify the reader’s picture to think of two magnitude factors
infinity of imaginary shape factors may, of course, be com- only. Then the discussion applies to ordinary land-line teleg-
bined with any one of the infinity of real shape factors spoken raphy. It is there found that a shape factor for the received
of above. wave which satisfies this condition is

In order to visualize better the theoretical results obtained
so far, these results will be stated in terms of the design of
a telegraph circuit. What must be the characteristics of a F,. =0, when2rs < w.
telegraph circuit in order that the application of the rectan- i
gular voltage wave whose shape factoFisshall result in For d-c. telegraphy (rectangular sent wave) this corresponds

the nondistorting received wave just discussed, whose shapd® & transmission characteristic given by the equation

L. =2cosw/4ds, when0 < w < 27s

factor may be taken ak,.? One answer is that the transfer F. o

admittance of the circuitY” should be made such that = Y = F(COS wr’ —isinwr’)

Y F;. It will be understood that the quantiti#&sand £;. may W w ;. ,

be complex. If the condition just stated were met, transmis- =75 4—3(COS wr' —isinwr),
sion would be instantaneous. This imposes an unnecessary when0 < w < 27s

restriction on the transfer admittanke The signal will still andY = 0, whenw > 27s.

be distortionless if all the components suffer a constant lag
7. If all the components are given a phase lag, which, when  This particular shape factor has the disadvantage that the
specified in angular measure, is directly proportional to the amplitude is a function of the signal combination; in partic-
frequency, the received wave is not changed in shape butular, a long continuation of reversals finally approaches zero
merely displaced in time and this is, of course, permissible. in amplitude. To overcome this, it is possible to add shape
This leads to the following expression: factors which are symmetrical about the signaling frequency,
” such as are shown in Fig. 3, and discussed more fully in Ap-
Y = = (coswr — isinwr) pendix IIl. ) )
F By way of further illustrating the method, the shape factor
is worked out for a received wave having the property that
3The term admittance and the notatitris used to denote the ratio of the  the area under the wave for a time unit is proportional to
numerical value of two waves regardless of their nature. This is a convenient the current at the transmitting end. This case may be of in-
generalization of the customary usage, where this terminology is confined . . ) L .
terest in some methods of picture transmission where the in-

to the case where the numerator of the ratio is a current, and the denominato ; : -
a voltage. tegrated exposure over a small interval of time may be im-
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& e which may be written
8 . .
2o 1 A, —iB, = F(w)(C,, —i5,,)
b . .
! w v where C,, and:S,, have the same values as in the direct-
2t s current case.
futfe " F(w) is, of course, different in the present case and de-
pends among other things on the phase of the carrier wave
J at the beginning of the signal element. More specifically the
¢ value of the shape factor is given by the expressions:
w w . .
2es 2k F(w) = e U2 1 () 4 o879/ 240 prr ()
4ssin(w, —w)/4s
Fig. 3. ldeal shape factors. In this figure, the criterion of Fl(w) = (we )/
distortionless transmission is that the width or duration of each We — W
signal element at the mean-value point shouldcldelistorted.a " 4s Sin(wc + w)/43
and ¢ represent real shape factors which produce a nondistorting F (w) = .
wave,b andd shape factors which may be added without producing we +w
distortion, the former representing an imaginary and the latter a real

Itis shown in Appendix IV that when the carrier frequency
is an odd multiple of the speed of signalingl,, — iB,)
takes on a slightly different form. However, the following
discussion applies equally well whethgis odd or even.

F'(w) represents two bands symmetrical about the car-
rier frequency, each being identical except for sign with the
band determined for the direct-current cag&é4w) is a non-
symmetrical band and interferes with the symmetry between
the upper and lower sidebands. It is shown in Appendix IV
that this factor is due to the presence of components higher
than the carrier frequency in the modulating wave. Hence,
one method of suppressing this factor, and keeping the side-
bands symmetrical, is to remove these components from the
modulating wave before modulation takes place. A second
method of making the shape factor symmetrical is to use an
equalizing device, which is so designed as to multiply each
component by the ratio

value.

portant. Other criteria for distortionless transmission suggest
themselves. For example, the signal may be taken distortion-
less when the area under the wave for the center fifth of the
time unit is proportional to the sent current. Such cases may
be of interest in certain types of printer reception where the
current flowing during the center fifth of each element might
be the quantity which is of interest. As another example, it
may be that the slope of the received current as well as the
current value determines the operation of the receiving de-
vice, in which case some such function@s + b(d/dt)
would probably be a suitable quantity in terms of which to de-
fine distortionless transmission. It is thought that the reader
who is interested in any specific receiving device will have no
difficulty either in formulating a suitable criterion or in com-
puting the corresponding shape factor in accordance with the
method illustrated. In the meantime, the current at the center F'(w)

of the signal element will be taken as the criterion. Fl(w) + e20F" ()

Finally it should be noted that if the band width is small
_ _ in comparison with the carrier frequendy’(w) is small in
The analysis for the carrier-current wave, analogous to the comparison witht” (w) and, therefore, substantial symmetry
d-c. wave discussed above, is carried out in Appendix IV. js obtained without any special precautions.
There it |S' ShOYVI’I that when ITIO care is taken tO. relate the If the two sidebands are SymmetricaL Corresponding fre-
speed of signaling and the carrier frequency there is no longerquencies equidistant from the carrier frequency combine to
a simple separation into a shape factor and a discriminationfgrm a wave whose frequency is equal to the carrier fre-
factor, such as was observed in the case of d-c. telegraphyguency and whose envelope is a sine wave corresponding to
The expression for the sinusoidal components is: a component in the direct-current case. The frequency of the
Py ;o " 0o envelope equals the difference in frequency between the car-
An —iBn = F/(W)(C, = i5,) + F(w)(C) — i5,). rier frequency and that of each of the components forming the
pair. On account of the mutual redundancy of the two side-

tiple of the speed of signaling, so that the carrier current is 2ands, the total frequency range required in the symmetrical

proportional tocos(2mgst — ), whereq is even, it is found carrier case (i.e., in the case where the carrier frequency is lo-
that ’ ’ cated in the middle of the transmitted range) for a given speed

of signaling is just twice that required in the direct-current
O — 8" = &2(C! —i8!) = dTVHO (O, —iS,) case. Except for this, the results as to band width required,
and ideal shape factors for the received wave, are the same
so that as obtained above for the direct-current case and it is not nec-
. essary to repeat them.
Ap —iB, = It is obvious that this type of carrier telegraph is relatively
[emH /240 Y () 4 YD P ())(C, — iS,) inefficient in its utilization of the available frequency range,

ANALYSIS OF CARRIER WAVE

If, however, the carrier frequency is taken as an even mul-

286 PROCEEDINGS OF THE IEEE, VOL. 90, NO. 2, FEBRUARY 2002



and it becomes of great interest to inquire how this condition be solved and the experiment referred to above would be suc-
may be improved. An obvious thought is to move the car- cessful. The second wave is also in-phase but builds up at a
rier frequency toward one edge of the available band and toslower rate, namely, that corresponding to the distance from
increase the speed of signaling in proportion to the interval the carrier frequency to the nearer edge of the transmitting
between the carrier frequency and the far edge of the trans-band. Since these components are in phase they add alge-
mitted range. If an experiment of this kind is undertaken the braically at any given time and it is obvious that the time of
outcome will be disappointing, unless certain stringent re- building up will tend to be determined by the slower compo-
quirements, (explained below), are met. Far from increasing nent. Hence, the normal result of moving the carrier from the
the speed of signaling, it will usually be found that the relo- middle is a slowing up rather than the reverse. Besides, there
cation of the carrier frequency decreasesiit. Thisis more fully is the third component wave. This is a quadrature compo-
explained below and in Appendix V. nent which is determined in magnitude and rate of building

Examining the symmetrical, carrier wave more closely we by the frequency band, by which the separation of the carrier
find that the redundancy residing in having two symmetrical and the far sideband exceeds the separation between the car-
sidebands gives rise to an important property of the receivedrier and the near edge. This component, moreover, does not
wave. Its frequency is constant, in the sense that the instantsuild up to the signal wave, but rather to something approx-
of zero value are spaced at constant intervals. This propertyimating the first derivative of the signal envelope. It is clear
will be found to restore the intelligence carrying capacity of that the second and third components must both be elimi-
a given frequency range to the same point as an equal rangaated. In addition, there is an important condition as to phase
used in d-c. telegraphy. Let the received signajligsin w, correction. Ordinary filters are subject to considerable phase
where the factosin wt expresses the fact that the frequency distortion in the vicinity of the edges of the transmitted band.
is constant. Consider a device which has two sets of input It is of importance that this phase distortion be corrected by
terminals and whose response is proportional to the productsuitable means. The problem of single sideband transmission
of the two waves impressed. Let the wave applied to one may now be separated into three parts.

set beg(t) sinwt, and let the other applied wave kig wt. 1) Phase correction.

Then the average response over a cycle is well known to be 2) Elimination of the quadrature component, being the
proportional tog(t), i.e., the envelope. If the second applied third component discussed.

wave Iscoswt, the average response over a cycle IS zero.  3) Elimination of the sluggish in-phase component, being
There are various devices whose response is proportional to the second component discussed.

the product of two inputs. For the purposes of this paper it

The first of th bl , the design of phase- ti
will be convenient to think of a dynamometer with one fixed © Irst a1 hese proviems, e Cesign o1 phase-correciing

. networks, does not come within the scope of the present
anghone rrlljc_)vat_)le_ Cot'.l‘ Svst  tel hv based paper. The second part of the problem, the elimination of the
e e Al oy e, uadiare component s soved by h methods ofprase
: ' . discrimination telegraphy described above. The third part of
tion systems, have bee_n proposed. Two carrier currentsy, o problem, the elimination of the sluggish in-phase compo-
are provided, one of which may be representedsiny nent, is solved by moving the carrier so far toward the edge

gnd the other byi.os wt. Each of these is then mod_ulated that it disappears. The exact requirements to be met are set
in accordance with a separate signal, and the mixture Offorth in the Appendix

the signals is impressed on the line. At the receiving end

the composite signal wave is impressed on each of two

dynamometers whose other windings are energized byGENERALIZED WAVE FORM
currents of the valuesin wt andcos wt, respectively. Thus

one dynamometer responds to each signal and there isth
substantially no mutual interference.

It is clear that in this system the total amount of intelli-
gence transmitted for a given band width is twice as great as
for the symmetrical carrier case which does not utilize phase
discrimination and is, in fact, the same as for the direct-cur-
rent case.

Single Sideband TransmissioWe are now in position to
take up the single §|deband case. In Appendix V, it is shown It may overlap into neighboring time units. To facilitate vi-
that when the carrier frequency is removed from the center

fthe t itted band th ved b ' ualizing the wave, Fig. 4 is drawn, which indicates how an
otthe trahsmitted band the received wave may be considere mpressed wave may overlap both antecedent and subsequent

to pe made up of three co_mpone.nt waves. The first of these 'Selements. Mathematically it may be expressed by saying that
an in-phase wave and builds up in the same manner as does e contribution made by thieth signal element to the im-

d-c. wave in a low-pass system having a band width equal to I ;

the distance from the carrier frequency to the far edge of the pressed wave is given by the expression
transmitted band. This is obviously the wave which we are
trying to obtain; and if it existed by itself, the problem would I, =anf(t)

Two kinds of impressed wave forms have been discussed,
e rectangular, used in d-c. telegraphy, and the sinusoidal,
used in carrier telegraphy. It is of interest to generalize the
treatment of impressed waves to cover any other wave form
which may be considered, and to include these two as spe-
cial cases. The restriction will be imposed that the successive
signal elements are alike, except for a constant factor whichiis
given the valuess,, a9, etc., for the various signal elements.
There is no need to confine the elements to a single time unit.
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0] intervals between changes are not made too great. The cal-

culations for this case are given in Appendix VII.

In the introductory part of the paper mention was made
of the fact that the design of equalizers would not be cov-
ered. It was also stated that a method of signal shaping would
be discussed, which would make up for the resulting incom-
pleteness of the theory. The discussion of the present section,
together with Appendix VII, in the matter there referred to.

Fig. 4. Specimen of general wave form.

wheref(t) is an arbitrary function of the timg whose origin

is con_ventionglly taken at the center (_)f the signal elem_ent iN DUAL ASPECT OFSIGNALING WAVE

question. It will be remembered thaf is called thenmagni-

tude factorand f(¢) thewave formIncidentally, the assump- It will be apparent from what has preceded that there are
tion that the wave form is the same from element to element, two distinct methods of specifying the wave. One method is
excludes the carrier waves where the carrier frequency is notbased on the timeas the independent variable. This aspect,
an even multiple of the speed of signaling. We may, there- which may be referred to gwogressive contemplates the
fore, expect to avoid some of the complications which arose signaling wave as a succession of signal elements following
in the analysis of those waves. The total wave at any given one another at constant intervals of time from the first to the
time is, of course, the algebraic sum of all the components Nth. The other aspect which may be called tiyelical as-
existing at that time pect, is based om as the independent variable. This contem-
plates the signaling wave as the sum of direct current and a
succession of sinusoidal components beginning with the fun-
damental and including harmonics at least up toH&th.

In the cyclical aspect, it is necessary to know only the mag-
nitude and phase of the successive components. It does not
matter in specifying the signal what time it took to transmit
the signal. It may be of some economic interest to know how
rapidly the signal is transmitted, but from a technical stand-
In other words, there is still the simple separation into two Point, ¢ is very much in the background. Analogously, with
factors, the shape factor and the discrimination factor. The theprogressiveaspect of the wave the frequency is very much
latter is identical with that obtained in the previous cases. in the background. Itis not required to specify the wave, but

The shape factor is determined from the known valug(ef is of economic interest, in the sense that it is of interest to
by the expression know the frequency range required for transmission.

An enumeration will now be made of analogous processes
and quantities under the two aspects. Signal elemenis
the unit out of which the signal is made up when considered
as a progressive wave; when considered as a cyclical wave
the corresponding elementary unit is giausoidal compo-
nent The signal element has been denotedihyand the
whole wave byl = > I;: The sinusoidal component is
specified byA,, and B,, and the whole wave by = >_
and in our previous work, we have evaluatédthe trans- (A, cosnpt + B, sinnpt). The intelligence transmitted is
mission characteristic of the circuit, so as to obtain a desired specified in the cyclical aspect by tdéscrimination factor
value ofF,., for a givenFs. In other words, a desired received C,, —4S,,; in the progressive aspect this office is taken by the
current is obtained with a given sent wave by means of circuit magnitude factor;, .

I = Il =+ IQ =+ Ig+,etC.

The Fourier analysis is given in Appendix VI. It is there
shown that the sinusoidal components are given by the ex-
pression

A—iB=F-(C—iS).

F(w) = 4s /_ -

Now it will be recalled that the shape factor of the received
wave is given by the expression

f(t)em <t dt.

oo

F.=YF,

design. The present results suggest that the desjredn be
partly obtained by modifyind’; as well; in other words, the
desired received current can be obtained in part by circuit de-
sign and in part by signal shaping at the transmitting end.
While signal shaping and equalizing are equivalent it does
not follow that they are equally practicable. It may be said

The wave formf(t) specifies the shape, or form, of the
signal element and includes the degree of deformation. The
analog in the cyclical case is trghape factorF'(w). The
alteration in the wave, which is caused by the circuit or any
circuit part, is specified in the cyclical aspect by the phase
and magnitude changes; and to be definite, it may be taken as

that under usual conditions the use of networks is the simplerthetransfer admittancel”(w), which is a function of., and
when only moderate accuracy is required; whereas, the usewhich may be defined as the wave (specified as to magnitude

of signal shaping provides the greater accuracy but is com-
plicated.

There is an infinite number of sent waves which result in
nondistorting received waves. Thusiitis, for instance, permis-

and phase) resulting at the driven point due to impressing a
unit sinusoidal wave at the driving point. The analog in the
progressive case is thedicial admittance A(t), which may

be defined to be the wave as a functiont pfesulting at the

sible to use a sent signal element consisting of a successiordriven point from suddenly impressing a unit wave (constant)

of rectangular waves such as shown in Fig. 9; provided the
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In order to change from one method of consideration to the or an equivalentR is a constant in these formulas. It is not
other, it is desirable to have available equations for changingthe purpose of the present paper to go into circuit relations
from the set of quantities suitable for one method to the set to any greater extent than is necessary to bring out, clearly,
suitable for the other. These equations fall into three groups. the parallelism and respective self-sufficiency of the two sys-
The first relates the wave form and the shape factor, the quantems. For a fuller exposition of the relations between the var-
tities which define the type of wave used. The second relatesious functions ofv, the reader is referred to K. S. Johnson’s
the discrimination factor and the magnitude factor, the quan- book, “Transmission Circuits for Telephonic Communica-
tities which define the particular signal. The third relates the tion” and for a fuller treatment of the functions vfo J. R.
transfer admittance and the indicial admittance, the quanti- Carson’s book, “Electric Circuit Theory and the Operational
ties which define the effect of the circuit on the signaling Calculus.”

wave. The formulas shown in the last paragraph indicate that the
The equations are: fundamental parallelism between the two kinds of functions
oo extends to calculations of the received wave. There is a differ-
F(w) :45/ Ft)e ™t gt ence, which is not of _gregt _S|gn|f|cance from the stano!pomt
oo of pure theory, but which is important from the standpoint of
1 +oo ) practical computation. It is seen that in the case of functions
&)y =5 / F(w)e " dw of w the operations consist of the multiplication of two char-
N_Oo acteristics. In fact, by expressing the characteristic in terms
C, —iS, = 1 Z ap e~ i2en/N)(h=1/2) of a logarithmic function ot in the usual manner, it is pos-
N — sible to reduce these operations to additions. In the case of
Nj2—1 the functions ot the computations are much more complex

an = Z (G, — i8Sy )2 h=1/D/N involving differentiation, the multiplication of two functions,
' R and the evaluation of an integral. The processes of differen-

n=—N/2
Jr/oo tiation and integration, are, in general, essentially graphical
Y(w)=— / we EA(t) dt operations which cannot be carried out with the same pre-
—o0 ‘ cision as processes which are essentially arithmetical. It is,
Y(0) 1 [T Y(w)e™t therefore, as a practical matter, greatly advantageous to ar-
Aty =——+ — — dw. : : .
2 v iw range the calculations so they can be carried out with func-
. . tions of w.
Negative values of the argumeat do not require the The important fact is that for telegraph purposes the

conception of negative frequencies. The frequency may betwo methods are substantially equivalent in result, though
thought of as signless and as represented by positive andjifferent in processes and labor involved. The fundamental
negative values ob or both. reason for this difference is that, on the theory as developed
With either set of quantities, given, or found by the equa- in the paper, it is not necessary to compute the received
tions, it is possible to make corresponding computations in wave as a function of 4

the two systems. For instance, when the shape factor of the The method of analysis used in this paper is that of the
sent wave and the transfer admittance are known, the shapgeourier series. It should be mentioned at this point that there
factor of the received wave can be computed from the expres-is an alternative method, known as that of the Fourier inte-
sion gral. The Fourier integral can be made to yield essentially the
same mathematical formulas as have been obtained in this

Fo(w) = Fy(w)Y(w). paper. Also, if care is taken, it is possible to obtain essen-

) S _tially the interpretations here given. Appendix IX sets forth

Analogously, if the sent wave form and the indicial admit-  {he elation between the series and the integral, and points

tance are known,_ the received-wave form can be computedg ;t the problems where special care is needed in applying
from the expression the integral.

+oo
() = %/_ AN fs(E = X)) dA INTERFERENCE

So far it has been assumed that the circuit is free from ex-
or others which are equivalent. Further, if the transmission ternal interference. In any actual case there is always some in-
characteristics of two circuits connected in tandem are terference present, and it is necessary to take it into account.
known, their combined characteristic can be computed from The effect of the interfering wave is to superpose itself on

the signaling wave and give the resultant received wave a dif-
Y(w) = RY1(w)Ya(w) ferent value, which otherwise it would not have. If the inter-

) ference is great enough, the received wave will be interpreted
in the one system, and from

d Jo0 4Submarine Cable Telegraphy. W. Milnor, A. I. E. E. TRANSACTIONS,
A(t) - R= Ay ()\)AQ (t _ )\) d\ Vol. 41, p. 20; in particular the suggestion made in the closing paragraph on
dt [_o p. 38.
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as different from that intended. If the interference is nonpre- the purpose of overriding interference, when the power car-
dictable, (as likely to be positive, as negative), its arithmetical rying capacity of the line is the limiting factor, the shape
value must be less than one-half the difference between anyfactor just considered is the most suitable at the point where
two current values employed in signaling. In fact, the number the interference is introduced.
of distinct magnitude factors, hence, the amount of intelli-  In discussing the interference above, it has been assumed
gence that can be transmitted over a circuit, are definitely that the circuit is linear. If some of the circuit elements are
limited by the interference. Itis, therefore, important to con- nonlinear, the result may be looked on as interfering currents
sider the nature of the interference and to determine to whatgenerated in the elements. This interference is predictable
extent, if at all, it may be overcome. and it is theoretically possible to eliminate or reduce it by
Interference may be of many kinds and sources, including introducing elements which produce a compensating distor-
such telegraph currents as cross-fire and duplex unbalancetion.
We shall go a step further and consider as interference such The assumptions have been made that the signal elements
portions of the telegraph wave as result from departure from are all of equal duration and that the system is designed espe-
the ideal of the telegraph current. Thus the difference be- cially to handle signal elements of that specific duration. In
tween the actual wave and the desired ideal wave is inter-other words, the system is designed for a given speed of sig-
ference. It is realized that this convention is not in agreement naling in preference to other speeds, both slower and faster.
with common usage but, for the purposes of this paper, it is It is of obvious interest to inquire what the effect is when the
justified by the simplification which results. In order to dis- speed is somewhat different from that for which the system
tinguish this interference from other forms it may be called has been designed, the signal elements being of equal length.

the characteristicinterference. The terrintersymbolinter- Suppose a system is designed to be distortionless at a speed
ference has also been used for this effect. It is closely relatedof signalings, and suppose that it is used to transmit signals
to characteristic distortioh. of the speedys, where~ is a factor which does not differ

Interference may usually be reduced by suitable means:greatly from unity. Let the system be such that the admittance
Duplex unbalance currents may be reduced by improving is given by
the balance; characteristic interference may be reduced by
improving the transmission characteristic; and interference Y(w)(coswr —isinwr).
from other circuits reduced by increasing the coupling. But . . o ) o
when everything practicab|e has been done to reduce the in_An admittance Wthh WOU!d give dIStortlonleS§ transmission
terference, there is, in general, a residual left which produces@t the speed ofs is then given by the expression
distortion in the signals. The total amount of interference sets
alimit to the number of distinct magnitude factors which may
be employed and, therefore, to the rate with which intelli-
gence may be transmitted over the circuit. The interference
which can be tolerated depends on the amount of energy in
the signaling current. This is again limited by the power-car-
rying capacity of the line, either because certain apparatus
overloads or because interference into other circuits becomes’
too great. . . . . Y(UJ) _ Y(w/fy)

It is of considerable interest to determine the spectral dis-
tribution of power in the signal which is most suitable for and the current corresponding to this admittance is the por-
overriding a given interference. The assumption will be made tion of the characteristic interference which arises from the
that the maximum power is definitely limited. It is shownin  ajteration in speed.
Appendix VI that when the shape factor is a constant from  Formulas for the interfering wave may be deduced from
zero to the frequency and zero for other frequencies, the  thjs expression, but it will be sufficient for our purposes to

Y(w/¥)(coswr — i sinwr).

The difference between the actual admittance given by the
first expression and the ideal admittance given by the second
expression represents an admittance giving rise to interfering
currents. Neglecting the constant delay, this admittance is
iven by the expression

mean total power is proportional to note the ratio of the interfering wave to the signaling wave at
LN a specific frequency. This ratio is given by the expression
2
N 2 Y () = Y(w/7)
h=1 —
Y(w)

and it follows that for this case all signals which are made _

up of the extreme values of the magnitude factors, (it is as- Of @pproximately

sumed that the positive and negative values are numerically (w—w/y) dY

equal), load up the system to the same extent. If some other R o

shape factor were used it would, in general, result in the max- Y(w) dw

imum power only for the most favored _signal combination; It will be seen that for a small discrepancy between the

for others, the power would be less. It is concluded that for jqeg] speed and the actual speed the amount of distortion is
SMeasurement of Telegraph DistortioNyquist, Shanck and Corv, A. . Iargely determined by the slope of the transfer admittance

E.E. 1., Vol 46, p. 231, 1927. curve. The more abruptly the transfer admittance changes,
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the greater will be the interference accompanying a small  Multiply both sides of the equation ks kpt dt and inte-

change in signaling speed. grate from zero t@". In this expressiok is a positive integer.
It has been assumed that the change of speed is uniform, -

. . . AO

i.e., that all 5|gnal elements are_lengthened or sh_ortened in / E(t)cos kpt dt = =2 / cos kpt dt

the same proportion. It is of considerable practical interestto Jo 2 Jo

inquire what happens when there is no such regularity in the e T

change of speed, in other words, when some signal elements + Z An /0 cos kpt cos npt dt
are shortened and some are lengthened and when the various ";1 T

eflemen.ts are not .ch.anged |n.the same proport.lo.n. Consider + Z Bn/ cos kpt sin npt dt.
first a signal consisting of a single element of finite current = 0

value, the current values of the remaining signal elements )

being zero. It is clear that it makes no difference where the
ends of the signal elements are taken when the current value From a well-known trigonometric formula
is zero, and consequently this particular signal may be con-
sidered to come under the case already discussed. In other  coskpt cosnpt =
words, the interference due to any one elementis as discussed 2
above. Further, the total interfering current at any instant is The integration is carried out over an integral number of cy-
the sum of the interference caused by all the elements. It fol- cles and the result is, therefore, equal to zero with the single
lows that to a first approximation, the interference is the same exception where. = & when the integrand has the average
as that deduced above for the regular lengthening or short-value 1/2 and the integral i5/2. Likewise,
ening. ) )

It has been indicated that if interference from foreign cos kpt sin npt = sin(k + n)pt — sin(k — n)pt'
sources is kept low, the transfer admittance made to comply 2

with certain requirements and the speed of signaling kept The integrals of these obviously are also zero. The right

ConStant, it is pOSSib|e to transmit Signals with very little member of equation (2) reduces] therefore, to the Sing'e term
distortion, utilizing a frequency range which is only slightly

greater than the speed of signaling. One advantage of keeping AT /2.

the distortion small is that a large number of current values ) )

may be employed, thus increasing the intelligence-carrying ' he left member of equation (2) may be written

capacity of the line. As explained above, the total interfering /N 2T/N

current should be less than one-half the difference between ¢, / coskpt dt + as / cos kpt dt + etc.
0

cos(k 4+ n)pt + cos(k — n)pt

adjacent current values. In actual practice it will probably be T/N

found desirable to keep considerably within these limits, so or

as to have a definite margin. On the other hand, there would ~ VTN

be no object in reducing the interference beyond the point Z a ’ cos kpt dt
where the signal is decipherable with certainty and ease. — 4 (h=1)T/N '

APPENDIX | Changing the origin o'fto the genter of the time unit to which
each integral refers, i.e., putting
Analysis of D-C. Waveltis required to find the sinusoidal
components of a telegraph wavelb$ec. duration composed t=(h—1/2)T/N +1t
of N rectangular signal elements and repeated an indefinitely

great number of times. Let the value of the wave at any instantnd dropping the prime, we have

be denoted by (¢), where N T/2N
1IN T
E ah/ cos {k <h — 5) Np—i— kpt} dt

E(t) =a; for0 < t < T/N, (time unit1), =1 TN
] . N T/2N
_ 1\ T
E(t) =ay for T/N < t < 2T/N, (time unit 2) =3 an |cosk <h B _) _p/ cos pt dt
E(t) =, for (h — 1)T/N < t < hT/N, (time unith). = 2) N° J_rpon
1 +T/2N
Represented as a Fourier series the wave is —sink [ h—= —p/ sin kpt dt| .
2) N ~T/2N
Ao = . The integral in the second term is equal to zero. Rearranging
E@) = 2t ;::1 (ncos npt + By sinnpt), (1) and substituting for k, this expression becomes:
herep/2n — 1/T is the f f the fundamental  [*/*" - 1\ Tp _ AT
wherep/2n = 1/T is the frequency of the fundamenta / cosnptdtS ahcosn<h——> Ip _ AT
wave. The problem is to find expressions for the andBs, _T/2N — 2) N 2
so they can be computed from the known values ofihe 3)
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The value of the integral is: sentative of the signal element sent during that time unit. No
2sinnpT’/2N notlce WI|| be taken of the wave at any other point in the
EEE— time unit, and consequently deformations of the wave at other

np . : .

_ . points will not matter. It will be computed below what shape
Remembering thaf’p = 2r, N/2T = s, the speed of sig-  factor the received wave must have in order for its value at
naling, andnp = 27n/T" = w, the result becomes the middle of each time unit to equal the corresponding am-

. N plitude of the sent wave.
AT _ 2sinw/4s Z ay, cos 2mn <h - 1) Let the current at the receiving end at the middle of the
2 w h=1 N 2 time unit, ~, be equal tay,. Nowt¢ = (h — 1/2)T /N at the
or middle of the time unit, and the Fourier series becomes:
. N N/2
8sinw/4s 1 2nn 1 2 1
Ay = ———— — cos— [ h—=). (4 = (h-=
ofs N hz::l a3, €08 — < 2) 4) +Z [A cos <h 2)
This has now been established for all valueshoéxcept 4B, sin 2mn h— 1 @
zero. If the same procedure be gone through with equation N 2/

(1) without multiplying bycos kpt it will be found that this There areV such equations, sindemay successively take
formula does in fact hold faro as well. Further, if equation e valuesl. 2... N. There are alsadV unknown values

(1) be rn_ulti_plied bysin kpt and the same operations are per- o 4s andBs. (Note,B, = 0 and Ay, = 0.) These un-
formed it will be found that knowns may be determined by the usual methods of solving

8sinw/ds 1 o  on 1 simultaneous equations, or more simply in the following
B, = w—/s— Z @p, S — <h - 5) ®) manner: Multiply all equations froch = 1to h = N by
cos(2rnk/N)h — (1/2) and add them:
Put N L
. 27 1
F(w):8smw/4s’ (6) Z ahcosT <h—§)
w/s h=1
N (a)
1 2rn 1 .
Cn:N ZahcosT<h—§> @) Ag & 27rk< 1)
h= = — cos— | h— =
2 &~ N 2
27n, 1 =
S, Z ay, sin —— ~ <h — 5) (8) o (b)
h=1 N N/j2 1
The expressions (4) and (5) may now be written +3 Z > { n [COS n+ /f) <h - 5)
h—l n=1
A, —iB, = F(w)(C, —1S,). 9) (©
The functionF is determined by the wave form ang,, — + cos(k — n)2_7r <h _ 1)}
iS,, )by the intelligence being transmitted. The former will be N 2
called the shape factor, the latter the discrimination factor. (d)
_ Itis a matter of _convention Whe_ther a plu_s or mi_nus sig_n + B, |sin(n + k)2_7f h— 1
is chosen in equation (9). The choice made is consistent with 2
the more usual convention. (e)
. 27
APPENDIX II-A —sin(k — )N <h - 5)} } : (2)

Specific Criterion of Distortionless Transmissioltis of
interest to investigate how intelligence may be accurately
transmitted by signals employing rectangular wave shape at

In equation (2), use has been made of the trigonometric for-
mulas:

cos(a + b) + cos(a — b)

the sending end with a minimum frequency band width. In COS aCosb —

Fig. 1itis indicated that this is usually possible when a band ) 2

width equal tos is transmitted. A case of practical impor- cosasind — sin(a +b) — sin(a — b)_
tance is where frequencies are transmitted from zero up to 2

the speed of signaling. When such a limited frequency rangeln order to simplify equation (2) we will employ the identi-
is employed the received wave is, of course, different from ties:
the sent wave. In order that the received wave convey intel-

ligence, it is sufficient that something pertaining to the wave Z CoS T <h - 1) _ 8 Nx_/2sm Nz/2 3)
in each of its time units be proportional or equal to the mag- h=1 2 sinz/2

nitude factor of each signal element at the sending end. First, .

letit be assumed that the received wave at the middle of each Z in <h _ _) _ s Nﬂ?/Q' @)
time unit, measured by an ideal receiving device, be repre- Pyt sinz/2
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To prove these identities, multiply the left member of (4) quency up to the speed of signaling where it suddenly drops

by ¢ and add to the left member of (3): to half that value. Above this frequendy(w) is equal to
N zero, as shown in curve, Fig. 2.
ZCOS <h — 1) z+isin <h — 1) x It will next be shown that there is an infinite number of
— 2 2 shape factors which may be added to curwehich produce

N N no change in the current at the middle of the time units. For
= Z ch=1/2)z _ o—(iz/2) Z ethe example, curvé shows a specimen of such a shape factor,
h=1 h=1 which may be any single valued curve so long as it is sym-
_ /2 ( iz | 2z i(Nfl)a;) metrical about the speed of signaling except for a change in
=e 1+ +e™ +---e . . X
sign. When this shape factor is added to that of curvea

21— ey N2 (em(iNe/2) _ iNe/2) curve such as may result for the total shape factor which is

1 — ¢i e—iz/2 _ giz/2 also ideal. Denote the shape factor of cungy Fa(w). The
N*/2 5in N /2 wave, due to such a shape factor, is:
- sinz /2 N/24m
_ cos Nx/2sin Nz /2 +isin2Na:/2 5) Z LFA(w)(C,, cosnpt 4+ S, sinnpt)
sinx/2 sinxz/2 n=N/2-m
Equating real and imaginary parts gives equations (3) and _ zm: Fa(w)(Cxyja—n cos(2ms — np)t

(4), respectively.
By applying formula (3) to terms (a), (b), and (c), of equa-
tion (2), and applying formula (4) to terms (d) and (e),

n=0

+ Snj2—n Sin(27s — np)t)

+ Z Fa(w)(Cny24n cos(2ms + np)t
n=1

al ok 1
Z ay, Ccos N h— 3
h=1 + Snj24n sin(2rs +np)t)  (11)
_ Ao coskmsinkm n 1 AZ/Q wherem is any positive integer less thafy 2. It follows from
2 sinkw/N 24 equations (7) and (8) of Appendix | that:
N |:An <COS(7’L.+ k)msin(n + k)m —Cnyo—n =Chn/24n (12)
sin(n + k)m /N SN/2-n =SN/24n- (13)

c%@—nhﬂﬂk—@w)

sin(k — n)7 /N Substitute these relations in equation (11) making use of the

trigonometric formulas:

sin?(n + k)7 sin?(k —n)7 6
5 sin(n + k)r/N _ sin(k —n)n/N /| (6) cos(a — b) 4+ cos(a + b) =2cosacosb (14)
—sin(a — b) + sin(a + b) =2cosasinb (15)

As k approaches any integral valueoffor instancem,

from 0toN/2—1inclusive, all the numerators of the terms in - and putFs (2rs) = 0 andFa (2rs+np) = —Fa(2rs—np)
the right-hand member of equation (6) approach zero. Con- sqg that the formula for the wave becomes:

sequently, these terms approach zero except one term m
Ay, cos(k — m)msin(k — m)7 Z 2FA(2ns + np)(cos 27 st)
2 sin(k — m)w/N n=1
] ) X(Cpr/o4n cOsSNPt + Sprjoay, sinnpt). (16
whose denominator also approaches zero. This term becomes (Co2y P N2 rt). (16)
NA,,/2. Settingk = m, solve equation (6) for,,,: Since this expression contains the fagtos 27 st, which is

N zero at the middle of the time unit, the wave does not have any
A, = 2 Z ap cos 2mm <h _ 1) —9C,,. () effect on the receiving device when the latter records current
N — N 2 values at the middle of the time units only. The cubvis
any real shape factor, symmetrical about the dot frequency
except for a change in sign. Therefore, every such real shape
A, =2C,. (8) factor when added to curvegives a resultant shape factor
which is ideal.

Itis next desired to show that the addition of an imaginary
shape factor which is any single valued function whatever,
B, =25, (n < N/2). 9) provided it is symmetrical about the dot frequency in both
magnitude and sign, does not contribute to the value of the
wave at the middle of the time units. Consider the cubed
Bnj2 = Snya- (10) Fig. 2, which represents the magnitude of any symmetrical
imaginary shape factoia (w)

Changing subscripts:

Now if, instead, we multiply equation (1) by
sin(2rk/N)(h — (1/2)), a similar process gives:

But whenn = N/2 this process gives:

From equations (8)—(10) it is seen that the shape factor
which will be denoted by, (w), is equal to 2 from zero fre- A,—iB,, = iFA(w)(C,—i8,) = FA(w)(S,+iC,). (17)
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Equating real and imaginary parts of equation (17) the
values of4,, and B,, are determined, so that the wave may
be expressed as follows:

,_. 5 ..

H)

Recerved Current

N/2+m , : : i i :
Z Fa(w)(S,, cosnpt + C,, sinnpt) A T T . A
R 1 et
n=1\7/277n 005 .00 ] 020 025 030
m i,
= Z Fa(w)(Sn/2—n cos(2ms — np)t e g Lh
n=0 _]:]_sm Votage Wave Y 3T ) et 2w

0 Seconds 00524

+ Cny2—n sin(27s — np)t)
lids Fig. 5. Instance of nondistorting wave.
+ Z Fa(w)(Sn/24n cos(2ms +np)t
n=1
+ Cny24nsin(2rs +np)t).  (18)

Using formulas (12)—(15) and puttinkix (27s + np) =
LFA(27s — np) the wave becomes:

1000 w 1500 2006
Z 2FA (275 + np)(cos 2mst)(Sn/24n cOsSnpt -10002
n=0 ) -.0004 v Letn
+Cnj24nsinnpt), (19) %,“.m, 1)
. . . X . ~-0008 TiStat £ o0
which is zero at the middle of the time units on account of il

the factorcos 2w st. Since this is true for any symmetrical
function, Fa(w), there is an infinite number of imaginary
shape factors which do not affect the values of the wave at
the middle of the time units.

Fig. 6. Transfer admittancex + v, corresponding to the
nondistorting wave shown in Fig. 5.

APPENDIX |I-B also made the duration of the time unit of the sent signal, as
illustrated in the figure. It will be remembered that on the cri-
terion under discussion a specific point of the signal element

has b di di di dth ) fih is picked out and taken to represent the element. In the case
as been discussed in Appendix |I-A, and the portions of the illustrated, this point should be taken at an interval 0.005 24

main text ?srs]omﬁte_d thferewnh._ Th'.s aﬁpendm d(r)]es not fﬁ_rm sec. previous to the first zero. It is obvious that if this is done
any pa_rt oft € chain ot reasoning in t (_asenset _at anythingyhe interference due to all previous signal elements is zero
which is here discussed or dgduped will be required S‘Ubsfa'because the interference due to each one of them is zero. It
quently. It can, therefore, be eliminated by those who are pri- follows that any receiving device which is made to function

marily interested in the_ deductlons of the main theo_ry._ by the current at that point will be distortionless as far as in-
It has been shown in A_ppend|x lI-A t_h_at a certam ideal terference from adjacent signal elements is concerned.

shape factor can b.e modified by the ad_‘?"t'or_‘ of certain other Fig. 6 shows the transfer admittance of the same network.
shape factors which possess a specific k-|nd Qf sym.metryThe speed of sighaling corresponds to the point for which the
apout a frequgncy gqual to the _speed of signaling. It is O,b' abscissa is 600. It will be observed that these curves do not
vious, on consideration, that sw_mlarshape factors possessmgpossess the simple symmetrical characteristics discussed in
symme_try ab_ou_t the frequenc_|e$, 35, etc_., can als_o b_e Appendix II-A, but this is because Appendix II-A was con-
added in a similar manner without affecting the principal fined to a narrow frequency range not much exceeding the
characteristic of the shape factor. These considerations aresignaling range. If consideration be given to this fact, to-

not of grt—_:‘at practical importance in the_cases considered ether with facts discussed in the second paragraph of the
because it has been assumed that the important telegrap resent appendix, it will be found that this simple network
problem is to transmit maximum intelligence in minimum 4, e the theory,

freguencydr_angi. Hovt\)/_ever, these ?ogaderanons will ‘;'d N Both the transfer admittance and the value of the current
unF_ersgan hmgt esu Jec_t m;atter_ 0 t € ﬁfeﬁeﬁt apt))pen '(;( curve are easily computed in the present case. The transfer
Ig. 5 shows a very simple circuit which has been de- o ypiance is given by the expression:

signed for the purpose of illustrating a nondistorting wave.

This circuit, containing only two reactance elements, has a _ 1

very simple form of transient, namely, a uniformly damped Ri+ Ry +iw(L + R RoC) —w?LCRy’

sine wave. Now animportant property of the sine wave is that 11, current, from the time= 0 up to the timet = 0.005 24

its zeros are Ipcated at equgl intgrvals, which is preci;ely_thesec” is given by an expression which takes the following
property required of a nondistorting wave under the criterion form for the numerical values given:

discussed in Appendix lI-A. The interval between successive
zeros in the illustration chosen is 0.00524 sec.; and this is ~ A(t) = 535 [1 — ¢°% (cos 600t + £ sin 600¢t)] .

Network for Distortionless Transmissionthe purpose of
this appendix is to illustrate, concretely, the matter which
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After the timet = 0.005 24 sec., the current is given by the transfer admittance which will produce a wave of this form

expression: when the sent wave is rectangular is:
A(t) — A(t — 0.00524) Y = 41 cot 42, whenw < 2rs (5a)
_ =200t 1 $ s
- 26000 (1 + ¢+048) <cos 600 + - sin 600t> . Y =0, whenw > 27s. (5b)

This is obtained from the ratio of the shape factor at the re-
ceiving end, divided by the shape factor at the sending end.
Such a system would be incapable of transmitting ordi-
Alternative Criteria of Distortionless Transmissiomn nary reversals, since zero current is transmitted for frequen-
alternative criterion of distortionless transmission is that cies equal to or greater than the dot speed. This defect may
the interval, between the instants when the received wavebe remedied by the addition of shape factors which are sym-
passes through the mean value, shall be the same as theetrical about the signaling frequency, and do not contribute
corresponding interval at the transmitting end. A receiving anything to the wave at the ends of the time units. By rea-
device which responds to the values of the wave at the soning, analogous to that given at the close of Appendix I1-A,
ends of the time units, instead of at the middle, will give it follows that the wave due to any real shape factor, sym-
distortionless transmission provided the wave at the end of metrical about the speed of signaling in magnitude and sign,
the elementk, is proportional tq{«;, + a7,+1)/2. This is the (Fig. 3, curved), contains the factogin 27st, and, there-
criterion in ordinary land-line telegraphy. Strictly speaking, fore becomes zero at the ends of the time units. In a similar
we should also require that the wave does not pass throughmanner it can be shown that the wave due to any imaginary
this value at points located within the time unit. It is thought shape factor, symmetrical about the dot frequency in magni-
that the complication involved by introducing this condition tude but not in sign, (Fig. 3, curvg, also becomes zero at
is not warranted. We will first determine the coefficients the ends of the time units. The addition of curi® curvea
of the Fourier expansion of this received wave for the case gives curver, which is also an ideal shape factor.
where the frequency range is limited to the interval between A third criterion for distortionless transmission is that the

APPENDIX Il

zero ands. We have: area under the received wave shall have the same value as
N2 that under the sent wave during each time unit. Thus during
antant1 _ Ao + Z A cog 2T + B, sin 2mnh the time unith, the area under the received wave must be:
2 2 " N " N )’ ,
n=1 hT' /N
(h=1,2,...,N), (1) apT/N =
t=(h—1)T/N
sincet = hT/N at the end of théth time unit. u N2
As in Appendix II-A, we haveV simultaneous equations x |22 4 Z(A" cosnpt + B, sinnpt| dt. (6)
and N unknowns, theds and theBs. The solution is of the 2 1
same nature as before, except that the equations are multi- Thi . b ltilied . d. and
plied bycos(27kh/N) instead ofos(27k/N)(h — (1/2)), b IS equa:ctl?]n may be mu 'qpf|e mli/T’ integrated, an
before being summed. For valueswof< N/2 we find by y means of the trigonometric formulas
similar reasoning: sina — sinb =2cos 3(a + b) sin 3(a — b)
5 N an + ang1 omnh —cosa+cosb=2sin(a+b)sini(a—b)
A, =— Z Cos . .
N &= 2 N it may be reduced to the following form:
N N/2
1 2nnh 2rn(h — 1) Ag N . mn
_th::lah [cos N +COST:| . 2 ah:?“"}_%(%SIHW)
i i 2 1 2 1
By means of the trigonometric formula o {An cos 2T <h B _) B 2 (n- Y] o
1 1 N 2 N 2
cosa+cosb = 2cos 5(a+ b)cos 5(a — b) ) o ) )
This equation is the same as equation (1) of Appendix
we find that equation (2) may be written: II-A, except for the factor:
N
2 2 1 N | 7mn 4s w
A, = N (COS %) ]z: ay, Cos % <h — 5) <% sin W) = <; sin £>
=1
—9csZ O 3) Consequently the shape factor for this wave is equal to the
T LC0s g e shape factor of curve, Fig. 2, divided byds/w sinw/4s
An analogous line of reasoning gives: which reduces to:
w w/2s
_ hadl F =—1— for0 < 2
B, = 2cos i Sh. (4) o(w) sinw/ds’ S w < 2T, (8)
The shape factor i€cosw/4s (Fig. 3, curvea), for fre- Fo(w)=m/2,  forw=2ms, €)
quencies up t@, and remains zero for higher frequencies. A Fy(w) =0, for 27s < w, (20)
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which, if the sent wave is rectangular, corresponds to a Suppose first that the transmitted range extends from
transfer admittance: zero to a point lower than the speed of signaling, so that the
missing portion is at the upper end of the rarige s. Let
N/2 be an odd number and let the fil8t/2 signal elements
be+ —+ — ... — +. Let the nextV/2 signal elements be a

w/ds \’
Y(w)=| ——— for0 < 2 11
(w) <Sin w/43> , or0 <w < 27ms, (11)

2 repetition of this and let the signal be repeated indefinitely.
Y(w) = r forw = 27s, (12) By far the most important harmonic of this signal below
Y(w) =0, for 27rs < w. (13) the frequency is the (V/2 — 1)th which corresponds to a

frequency ofs(1 — 2/N). By taking V sufficiently large we
In order to determine shape factors which may be addedcan insure that this harmonic is suppressed. If all frequen-
to Fyy(w) without changing the received signal, the following cies up tos are transmitted and equalized for distortionless
method may be employed. Lét\ (w) represent the shape transmission, and then the frequens¢y —2/N) removed, it
factor to be added. The wave due to this shape factor com-is found that, due to the great magnitude of this component,
prises frequency components which lie above and below thethe signal is reversed in sign at some of the critical points
dot speed. Le§ equal any convenient frequency increment (Mid-points). The question is, whether by alteration of the
not greater thar. Then consider any pair of Components at remaining Components this can be corrected. We next show

the frequenciegs + &) and (s — &), respectively, and find
what values of'A (w) at these frequencies will produce com-

that this cannot be done.
Consider the functionos 2rs(1 — 2/N)¢. (This function

ponents which do not change the received signal. The portionhas the same sign as the sent signal at all the critical points.)

of the wave due to these components is:

I =FaA(27(s — 6))(Cny2—pn cos 2m(s — 6)t
+ Sn/2—n sin2n(s — 6)t)
+ FA(27(s + 6))(Cny24n cos 2m(s + )t
+ Snjaqnsin2m(s +6)t)  (14)
In order that this portion of the wave add nothing to the re-
ceived signal,f I dt must be zero betweeln/2s and (h —
1)/2s, which is the time of the unik. Performing the inte-
gration and simplifying the result gives an expression which
reduces to zero when

Fa(2m(s—6))/(s—68) = —Fa(2n(s+6))/(s+8). (15)
ThusFa(w) may have any real value, provided the condi-
tions of symmetry are fulfilled as expressed in equation (15).
This is true for any value of < s, and, therefore, is true for
all values ofé < s. A similar line of reasoning for imagi-
nary shape factors/' (w), which do not change the signal,

gives:
tFA(2r(s = 8))/(s— &) = iFa(2m(s+68)) /(s + ). (16)

Insufficiency of Ranges Smaller Than the Signaling

Speed: It has been shown that a frequency range numeri-

Next consider the sum obtained by adding the products of this
function and the received wave value at the critical points. If
the wave is correct in sign each one of these products is posi-
tive and therefore the sum is positive. Now, it is easy to show
that for any component of the received wave of lower fre-
quency tharx(1—2/N), the contribution to this sum is zero,
the negative products balancing the positive. Therefore the
assumption, that the received wave has the correct sign at all
the critical points, and the assumption that it is made up en-
tirely of frequencies lower thag(1 —2/N), are inconsistent.

In case the suppressed range is not at the upper end of
the range0 — s the procedure is similar. First find a fre-
guency, prime with respect tg and which lies in the sup-
pressed range, and is an even harmonic of the péridcet
its frequency bes’. Construct the functiomos 27s’t. Next
construct a signal made up afl and—1 elements whose
sign at each critical point is the same as that@f2rs't.

The argument then proceeds as before.
Similar proofs can be produced for other criteria.

APPENDIX IV

Analysis of Carrier Wave:lt is required to find the sinu-
soidal components of a carrier-telegraph wavé séc. dura-
tion, composed olV time units, and repeated an indefinitely
great number of times. The carrier current is modulated by
a rectangular envelope during each of the time units, so that
the wave has the following values:

cally equal to the speed of signaling is necessary for the case

where there is no limitation on the number of distinct magni-

tude factors. It might be questioned whether the proposition gty = g, cos(w.t
is true when this number is small. Consider the case where

there are just two, distinct magnitude factos#sl and—1,

E(t) = a1 cos(w.t — 0),
- 0),

for0 <t < T/N, (time unitl)

for T/N <t < 2T/N,
(time unit2)

and where the current at the middle of the time units is taken p(y) = 4, cos(w.t — 6), for (h — 1)T/N < ¢ < hT/N,

as the criterion of transmission. Since there are only two

magnitude factors involved it is to be considered necessary

and sufficient that the wave at the mid-point of each time

unit should have the proper sign, regardless of magnitude.

We will now show that this cannot be insured when the
transmitted range is less than the speed of signaling.

296

(time unith), etc.

Let the total wave be represented by the Fourier series:

oo

+ Z(A" cosnpt + B, sinnpt).

n=1

A

= ®
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By reasoning similar to that of Appendix | [see (2) at the It is evident that a special relation exists betwéél) —

bottom of the page] 1S!) and(C!’—iS5!") when the carrier frequency is an integral
) ) » . multiple of the dot speed, so that = 2r¢s. Whenq is even,
Ap = Fl(w)C, + " (w)Cy, 3) we see by inspection that:
where: —i((xq/2)+6) N
. C—iS = c ((;f/ )+ Z ahe—inp(h—l/Q)T/N
: 4ssin(w, — w)— h=1
2N sin(w. — np)T/2N ° 4 ‘
/ = = E — T N
P ===y T e — ¢ D), —iS,), (6)
. 1 PO .
) 2N sin(w, + np)T/2N 4ssin(w, + w)ﬂ \L‘vlr;r.e(Cn —4S,,) is the same as for the direct current case.
T(w. + np) we +w ’ '
| Cc" —is" — _z((ﬂ—q/QH—Q) —inp(h— 1/2)T/N 7
C;:l/NZahcos[(wc—np)(h—%)T/N—H], n~ Wp N Za;e (7)
h=1 h=
N whence:
C’;{:l/NZ ap cos [(we + np) (h— 5) T/N — 6] . ‘
h—1 Ol —i8" =m0 (0 81y = (0 —iS!)
In a similar manner it can be deduced that = (/D (C, —iS,,). 8
B, = F'(w)S" + F"(w)S", (4) Substituting (6) and (8) in (5) gives:
where: A, —iB, = [e*i((M/QHH) F'(w) + ¢i(Ta/2+0) F”(w)}
N x(Cp, —iSp). (9)
S/ :—1/NZ ap sin [(we — np) (h — 3) T/N — 6],
hel Whenyg is odd, a similar line of reasoning gives:
]\T .
Sy :1/NZ ay, sin [(wc—l—np) (h— %) T/N—H] . A —iBy,
Py — [e—i<<w<q—1>/2>+e> F'(w) + ¢(=(a=1)/2+0) F”(w)}
Multiplying equation (4) by: and subtracting it from (3) X (Cnyj2—n +1Sn/2-n)- (20)

gives: ] . ] )
F'(w) is symmetrical about the carrier frequency in mag-
A, —iB, = F'(w)(C] —iS!) + F"(w)(C! — i8S, (5) nitude, but/”(w) is unsymmetrical. It will next be shown

N

9 WT/N
A, == / ap, cos npt cos(w.t — 0) dt
T~ Jo-vr/N
1 Mo /N
=— Z / ap(cos[(we — np)t — 0] + cos[(w. + np)t — 4]) dt
T = Jn-1ym/~n
Z sin[(w, — np)hT/N — 6] — sin[(w. — np)(h — 1)T/N — 6]
T h=1 . We = NP
+Sin[(wc +np)hT /N — 6] — sin[(w. + np)(h — 1)T/N — 6]
we +np
_2 Z sin(w. — np)(T/2N) cos[(w. — np)(h — 1/2)T/N — 6]
N an We — NP
+sm(wc + np)(T/2N) cos[(w. + np)(h — 1/2)T/N — 6]
wc + np

28111( —np)(T/2N)
T{we — np) Z an cos|(we — np)(h — 1/2)T/N — 0]

h=1
2sin(w,. + np)(T/2N)
T(we +np)

Z ap, cos|(we + np)(h — 1/2)T/N — 4] 2)

h=
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that(A4,, — ¢B,) is symmetrical about the carrier frequency 2
when the modulating wave contains no components higher w —Cerr] .
than the carrier frequency. From this it may be inferred that geS
I"(w) is zero when these components have been removed . s
from the modulating wave before modulation takes place. F ™ - o 3 .
For example, let the modulating wave be: i
N/2 v ‘.
Ay S . o
?0 + Z (A, cosnpt + B, sinnpt), (11) e
n=1 g
Multiplying (11) by cos(w.t — 6) and making use of the Focen w

trigonometric formulas:

Fig. 7. Graphical analysis of a transmission characteristic. The

cosacosb = (1/2) Cos(a + b) + (1/2) Cos(a — b) sum of the transfer admittances shownbat, andd equals the
. . . transfer admittance shown at The componentd), ¢, andd are
cosasinb = (1/2)sin(a + b) — (1/2)sin(a — b), chosen so as to possess symmetry about the carrier frequency.

gives the carrier wave: we conclude, therefore, that the received wave, in the case of

aN/2 the admittance shown at is equal to the sum of the received
Ao cos(wat — 6) + = Z {[An, cos(wat + npt — 6) waves deduced from the other three admittances.
¢ 2 & " ¢ Considering first the admittance showrbaive have here
+ By, sin(w.t + npt — )] + A, cos(wst — npt — 6) complete symmetry with respect to the carrier frequency; and

it follows from the discussion of the symmetrical carrier case
that the received wave is of the same frequency and phase as

. . . the carrier frequency and is modulated by a low freque
We see by inspection that components of this wave have the d Y y quency

. : wave, which is identical with that obtained in d-c. telegraphy
2 2 !
same amplitudes,/A2 + B2, at equal distancesnp from when a transfer admittance extending from Quois em-
w, wherenp is never greater than.. Hence an analysis of

this wave by a method analogous to that given in the earlier ployed. Itis assumed, for simplicity, that the wave used orig-

part of this appendix, could yield no unsymmetrical shape inally to modulate the carrier wave contains no components
factor such ag""(w) ' of as high frequency as the carrier frequency. The discussion

of the admittance, shown atis identical with that ob. Com-
paring these two components, it is concluded that they are in
phase relative to each other, and that the component due to

Single Sideband Transmissiohe principle which will builds up more rapidly than that due ¢olt is obvious that
be employed in the following discussion is, that when the re- the time it takes the result, due to these two components, to
ceived wave through any complicated admittance is to be de-reach a steady state is determined by the slower of the two.
termined, it is permissible to subdivide the admittance into We can conclude, tentatively, that, when the carrier frequency
component parts to determine the received wave for eachis located near one end of the band, it is the frequency range
component, and to add the resulting received waves for all from the carrier frequency to the nearer edge of the trans-
the components to obtain the complete wave. To make clearmitted band which determines the rate of building up.
the use of this principle a beginning will be made with the  The admittance shown dtis also symmetrical about the
transfer admittance shown atin Fig. 7. Strictly speaking,  carrier frequency, but it has a different type of symmetry. To
this admittance is a hypothetical one only, but it illustrates contrast the effect of this kind of symmetry with that of the
the principles and is a first approximation to the actual case symmetry previously discussed, let us assume that the carrier
of band-pass filter. wave is represented lays w.t, and that the modulating wave

The admittances are to be taken as real quantities. That igs represented by, cosnpt. The modulated wave is then
to say, either there is no delay or, if there is any delay, it is A,, cosnpt cos w.t. This can be divided in the usual way into
equalized and a new time origin is chosen so that the delaytwo components located symmetrically with respect to the
disappears from the expression for the admittance. The car-carrier frequency. The two components are
rier frequency is assumed to be locatedatand the transfer
admittance of the system extends unsymmetrically inthetwo (A, /2) cos(w. — np)t and(A, /2) cos(w. +np)t. (1)
directions from this frequency as indicated in the figure.

There are infinitely many ways in which this area may It is obvious that, in the case showntathese components
be subdivided into component transfer admittances, but theare transmitted without any relative change and thus com-
one most suited for our discussion is shown in the remainderbine to form the original modulated wave without any mod-
of Fig. 7. It will be observed that if the three admittances, ification other than a possible multiplication by a constant.
(b, ¢, andd), are added together the result is the admittance In the case of the admittance showndatowever, there is
shown atz. In accordance with the principle set forth above a relative change in these components. If one of them is left

— By sin(w.t — npt — 0)]}. (12)
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unchanged, the other is multiplied byl and the two com- "'\
ponents become %
(A,,/2) cos(w, —np)t and—(A,, /2) cos(w, +np)t. (2) v LI
The resultant wave is4,, sinnptsinw.t. The important v ¢
change produced by admittances, of the type showf is N
that the carrier frequency has suffered a phase shift of 90 =N ¢
deg. An incidental change is that the modulating frequency, v p
which represents the signal, has also suffered a change of / Y
90 deg. This reasoning can be carried through for all the i -

components making up the modulating wave, as long as their
frequency is less than the carrier frequency. It follows that Fig. 8. Graphical analysis of a transmission characteristic. The
the zeros of the total wave, due to the admittance shown atsum of the symmetrical transfer admittances showm aind ¢
d, are displaced one-quarter period of the carrier wave with gﬁfv"’gsiﬂ?ttﬁgotvﬁ’% f&rlgeishfh?ﬂxr'%;'edg?tt'ﬁ‘z' r\:\gg\]/;hc?ne.
respect to the zeros of the corresponding waves obtainedrhe curve shown &t equals one-half the sum, and that shown at
with b andec. equals one-half the difference of the two curves showh at
It will be obvious that if the components due toand
d could be eliminated, the resultant wave would be deter- by the numeral 2 represents the vestigial sideband, and re-
mined by the separation between the carrier frequency andsults in an impairment. The result obtained, briefly stated is:
the far edge of the band transmitted. The wave, due to ad-If areas 1 and 2 are equal, in the sense that when either is
mittance shown af, can be eliminated in the reception of rotated through point 3 it can be made to coincide with the
the wave by the method discussed under “Phase Discrimina-other, the impairment due to a missing portion of the prin-
tion.” The wave, due to, is not disposed of so easily. It might  cipal sideband is exactly compensated for by the wave due
be thought that by moving the carrier frequency nearer to the to the vestigial sideband.
edge of the band the admittance showmr abuld be made The discussion above has been limited to the special case
to extend over a very narrow frequency range, and thus beof real admittances. In what follows this restriction will be
made negligible. It should be noted, however, that the steadyeliminated and general complex admittances will be consid-
state value of the received wave is the same, regardless okred. These do not lend themselves so readily to graphical
the width of the band, and that as long as any portionref representation, and for that reason the treatment will be made
mains there will always be a slow, interfering wave. The only algebraical instead. There is, however, a close parallelism be-
satisfactory answer is to locate the carrier frequency exactly tween the analysis below and that given in Fig. 8, and it is
on the edge of the band, so that there is no separation, howthought that reference to the figure will be useful.
ever small, between the edge and the carrier frequency. This Let the transfer admittance of the given system be de-
peculiar condition is due to the fact that we have assumed anoted byY (w — w.). Consider the admittance represented
transfer admittance, having an abrupt cut-off. by Y(w. — w). These two characteristics are the mirror im-
In the practical case the cut-off is gradual, not abrupt. The ages of each other with respect to the carrier frequency. They
transfer admittance showna@t(Fig. 8), represents atransfer are illustrated at, in Fig. 8. Next lety’ (w — w,) be resolved
admittance (real) which is suitable for single-sideband trans- into two components after the manner discussed above
mission. It can be separated into two parts as shown, respec-
tively, atb andc: ¢ possesses the kind of symmetry which Y(w—we) =Y (w—we) +Yo(w —we) 3)
leads to a phase-quadrature component;igpalssesses the
kind of symmetry which is desirable. where
Strictly speaking, it is somewhat inaccurate to apply the
term “single sideband transmission” to the case shown in Yi(w—w) =
Fig. 8, or, in fact, to any case where portions of both side- and
bands_ are transmi'_[ted._Since_it would seem to be out o_f the Yo(w — we) =Y (w — we) — Y(w, — w)]. (5)
question to transmit a single sideband, in a strict sense, in the
case of telegraph waves, there should be no objection to thisThese two components correspond to the graphical resolu-
designation. tion shown ab ande, Y; being symmetrical about the carrier
The results obtained in connection with Fig. 8 may be de- frequency both as to magnitude and sign &hdeing sym-
scribed in slightly different terms. Referring & the dotted metrical with respect to magnitude but reversed with respect
line may be said to represent the ideal of single-sidebandto sign.
transmission. The numeral 1 marks the area which is re- Letcosnpt be a component of an impressed wave, and let
moved from the ideal by the gradual cut-off of the admittance it modulate the carrier waves w.t. The resulting wave is
curve. The removal of this area results in an impairment of
the wave due to the principal sideband. The area indicated cosnpt cosw.t = £ cos(w. — np)t + 3 cos(w. +np)t. (6)

[Y(w = we) +Y(we —w)] (4)

Mg
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Consider first the wave resulting from impressing the first of APPENDIX VI

these (the lower sideband) on the admittabigés — w,).
Let this admittance be representeddiyw — w..) + iby (w —
w.), the quantitieg; andb, being real. Impressing the wave
(1/2) cos(w. — np)t on g; the resulting wave is

%gl(w — w,) cos(we —np)t
or

5 91(np) cos(w. — np)t. (7)

Similarly, ib; gives rise to the received wave
(8)

—$ by (np)sin(w. — np)t.

Carrying out similar operations for the upper sideband, and
remembering the symmetry di, the total wave transmitted
by Y is

%gl (np)(cos(w. — np)t + cos(w. + np)t]

—3 by (np)[sin(w. — np)t + sin(w. + np)t] 9)
which may also be written
g1(np) cosnpt cosw.t — by(np) cosnptsinw.t.  (10)

In a similar manner the wave received throdghiw — w,) is
—go(np)sinnpt sin w.t — bo(np)sinnpt cosw.t. (11)

Now if the wave is demodulated at the receiving end, by mul-
tiplying it by the factor2 cos(w.t—¢), and if high frequencies

Analysis for Generalized Wave Forntet it be required to
find the sinusoidal components of a periodic telegraph wave

whose signal elements have the value:

I = anf(t = (h = 1/2)1/N) 1)

wherea,, is the magnitude factor and

f(t = (h=1/2)T/N)

is an arbitrary function of time, and may overlap both an-
tecedent and subsequent time units. The origitisftaken
at the beginning of the wave.

The total current, at the timg is:

N N
= ZI}L = Zahf(t_ (h

h=1 h=1

—1/2)T/IN (2

provided the period” is of greater duration than the wave
form.

Let I(t) be represented as a Fourier series; then, by a
method similar to that followed in Appendix |

2 T N
an=2 /0 ;::1 anf(t — (h — 1/2)T/N) cos npt dt. (3)

Changing the origin of to the center of the signal element,
to which each term in the summation refers, i.e., putting

t=(h—1/2)YT/N +¢

and dropping the prime, we have:

are neglected, we have for the received wave after demodu-

lation
g1(np) cos ¢ cosnpt — by (np) sin ¢ cos npt
—g2(np) sin ¢ sinnpt — ba(np) cos psinnpt. (12)

It now follows that the three operations, of modulation,

passage through the filter, and demodulation supplemented

by the suppression of high frequencies, are equivalent to the
passage through a filter having the characteristic

Yo(np) = go(np) + ibo(np) (13)

where
go(np) = g1(np)cos¢p — by (np)sin ¢ (14)
bo(np) = g2(np) sin ¢ + bz(np) cos ¢. (15)

This formula then permits the direct computation of the re-
ceived wave. It will be noted thatmay be given an arbitrary
value. As a simplifying assumption, we may makequal to
the phase shift of the carrier frequency, i.e.,

tang = — (16)

300

/2 2rn
npt + T

Zah/ cos< <h— %)) dt

T/2

2 /T/ 2 2rn 1
=— ft Cosnptdt abcos h——
T/2 al 27n, 1
- — )sinnpt dt ap sin —— <h — —)
/ /2 ; N 2
T/2
=4s |C, / f (&) cosnptdt
—T/2
T/2
— Sn/ f(&)sinnpt dt] . 4)
—T/2

In a similar manner it can be shown that:

T/2

“f

B, =4s F (@) sinnpt dt

T/2

T/2
rs.

Multiplying equation (5) byi, and subtracting from (4):
(6)

f(t) cosnpt dt] . (5)
T2

An — iB, = F(w)(Cy — iS,,)
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where

+oo )
f(H)e " dt.
()
To solve the reverse problem of finding¢) in terms of
F(w), put

Fw)=4s /_C: f(t)e™ P dt = 43/

ade o)

and
(T/2N —z) <t <T/2N.
For this wave form, equation (7) reduces to

T/2N—x
Flw)= 45/ [cosnpt — isinnpt] dt
—T/2N+=

_ 2sinnr /N — 2mne /T

D —— 15
ft—=T/2N) = 70+Z(Ancosnpt+BnSinnpt) (8) nmw /N (15)
n=1 Put
which is the Fourier series representing a signal, consisting xz=T/8N,

of a single dot, whose; = 1 and other values of;, are
equal to zero.

According to the definitions oft,, and B,, in Appendix |,
it is permissible to arrange this expression as follows:

which corresponds to a shortening of the time during which
the battery is applied to the cable to 3/4 of the length of the
total time unit, and apply ground during the remaining por-
tion. For this case

oo 8ssin(3w/16s)
ft—T/2N) =1 Z (Cp — iSp)F(w)e™t,  (9) Flw) = w ' (16)
n=—o0 Comparing this shape factor with the corresponding one
o for the noncurbed wave, (given in Appendix I), equation (6),
Substituting: it is seen that the effect of curbing is to multiply the shape
factor by sin(3w/16s)/ sin(w/4s). A network having this
C, = 1 cos X (10) characteristic in the transmitted range would be equivalent
N N to the curbing.
1 . n7w
Sn = sy D Appenpix VI
we get Distortion Correction by Signal ShapingThe problem
is: Given an arbitrary transfer admittance, i.e., one which is
1 & FW) o imm/n not ideal, how should the sent wave be shaped in order that
f(t—=T/2N) = 3 Z N e/ rrt=(nw/N)) - (12) the received wave may be nondistorting? Itis proposed to de-

Puttingt = 7/2N + ¢ and dropping the prime

Z F(w) /Pt (13)

rive the solution for the case, where the value of the received
wave at the middle of the time unit is taken as criterion for
distortionless transmission. There are many solutions to this
problem, and we will restrict ourselves, at the outset, to a
particular type of wave form for the signal elements of the
sent wave; namely, the type wherein each signal element is
made up of a series of rectangular steps, each of one time unit

As the period approaches infinity, the wave form approaches duration (Fig. 9). The problem, then, consists in finding the

f(t) 1 / F(w)e™ dw. (14)

878 J_oo

height of each step.

By changing the point of view somewhat, it is possible to
make use of some previously obtained results. Let us tem-
porarily look on the unknown signal element, not as a signal

Now, in order to observe the effect on the shape factor, elementbut as a signal made up of a succession of rectangular
let us consider a special wave form, for example, a wave ob- elements. The wave form of the unknown signal element is
tained by curbing. For this type of signal the rectangular wave f,(¢), and the magnitude factors of the individual rectan-

is cut short for a small portion of the time of the valuet gular elements are the unknown quantitkesb,, ..., by.
the beginning and at the end of each time unit, so that We have
Ay | .
Jt) =1, for(~T/2N +z) <t < (T/2N —x) fol#) = 5 o 2 (Ancosnpt + Businngt). (1)

The shape factor of the rectangular signal element is

and .
8sinw/4s
fHy =0 /s

and the discrimination factor obtained by looking at the

for sought signal element, as a signal, may be taken to be

—T/2N <t < (-T/2N +x)

NYQUIST: CERTAIN TOPICS IN TELEGRAPH TRANSMISSION THEORY

(C,, —iS,). The problem is now reduced to findidg, and
S, for all values ofn from 0 to N/2, since with these values

301



REE

Fig. 9. Example of signal shaping to produce distortionless
received signals.

known thebs are determined uniquely. Equation (1) may be
arranged as follows:

oo

fo(t) =4ds D (C—iSy)

n=—0o0

sinw/4s pinpt

(2)

The transfer admittance of any network may be repre-
sented by (w). In order to be more general, multiply(w)
by e~%*7: wherer is an arbitrary constant, and is of the na-
ture of a constant delay. L&t(—w) = Y (w), where the bar
denotes the conjugate df(w).

The wave received over a circuit having this transfer ad-
mittance is:

f-(t) =4s i (Cy, — iS,) sinw/4s Y (w)emiwr it
o 3)
Let
_ sinw/4s i
H(w) = » Y(w)e ()

and rearrange terms

(N/2)=1 oo

fr(t) = 4s Z Z (CyN+n — 1SgN+n)

n=—N/2g=—0o0

x H(4mws[q + n/N])e@N+mrt  (5)

It may be deduced from equations (7) and (8) of Appendix
, that

Countn — iSqn4n = (=1)2(C,y — iS,). (6)

The receiving mechanism has been assumed to respond to
the ordinate of the received wave at the middle of each time

unit, (as representative of the signal for that unit), at which
time
pt=—(2h-1) (7)

aw
N
where/: has valued, 2, 3.-- N for successive time units.
We note that

ei(qN+n)pt :ei(qN+n)(2hfl)7r/N _ (_1)qei27rn(hfl/2)/N'

(8)
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Substituting equations (6) and (8), in (5), gives:

(N/2)-1
f,(t) — 4g Z (Cn _ iSn)eiQWn(h—l/Q)/]V

n=—N/2

< 3 H(gnslg+n/N) (9)

q=—00

at the middle of the time units.

Ifweputf.(¢t) =1forh =1,andf.(t) = 0forh = 2, 3,
etc., then the received wave has the effect of a single dot
standing by itself.

Our next step is to solve th¥ equations, such as (9), for
the NV unknown values ofC,, — i5,,), in order that we may
be able to use the results in computing the sent wave. In a
manner similar to that in Appendix Il, multiply each of the
simultaneous equations leys(2rk/N)(h — 1/2), and add
all the equations:

(N/2)—1

coswk/N =2s Z (Cr, — iSy)

n=—N/2
cos(n + k)wsin(n + k)7
< sin(n + k)n /N
cos(k — n)wsin(k —n)w
sin(k — n)7r /N
sin®(n + k)= . sin?(k —n)w
’ sin(n + k) /N ’ sin(k — n)w/N)

X Y H(4mslg+n/N])

q=—o0

(10)

ask approaches any integral value, from —N/2 to N/2
inclusive, the numerators in the middle factor of each of the
terms of the summation of equation (10) approach zero. Con-
sequently, the factors are zero excepting one whoset+m

and one whose = —m, wherein certain denominators also
approach zero, with the result that equation (10) reduces to

cosTm/N
=2N5(Cp —iS,) > H(4ws[g+n/N])
+2Ns(Cp —iS_p) > H(4ws[g — n/N)).

(11)

When each of théV equations such as (9) is multiplied by
sin(27k/N)(h — 1/2), a similar line of reasoning gives

sinm/N
= i2Ns(Cpn — iSm) > H(4ws[g+n/N])
— 2N $(C_p —iS_) Y H(4wslg—n/N]).

(12)
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Multiplying (12) by ¢, subtracting from (11), and putting
m = n gives

cosTn/N —isinmn/N

=4Ns(C, —iS,) > H(4wslg+n/N]) (13)
Cfinﬂ'/N
C,—1iS5, = = (24)
4Ns Z H(4ns[qg+ n/NJ])

At the sending end, the height of thth step, for any con-
venient value ot during that time interval, is given by for-
mula (2). Where the steps are rectangular, it is more conve-
nient to use the formula

N2—-1
= C, + real part of2 Z (O — S, ) Zm/ NI (h=1/2)

n—1

bh
+SN/2 sin7r(h — 1/2) (15)

Substituting from (14) and (4):

1 1 N/2—1

bn = — | ——= +real part of| 2

"IN | vy TP n;
Ci(?ﬁn//\’)(h—l—l—?s‘r)

X Too
sin ﬂ Z Y(47I'S[q + n/N]) e—i(4s7‘—|—l)q7‘r
N R 7[g+ n/N]
im(h—1+42s7)
[
— . (16)

Y (4mslg + 1/2])

e—t(4sT+1)qm
drslg+1/2]

)
g=—0oc

In using formula (16) for computing,, it will be under-
stood thatY” ands are the given quantities of the problem.
The quantitiesV and+ which occur in addition ta” ands
require comment. In the first place,is an arbitrary quan-
tity and may be given, for instance, the value zero. By giving
it, in succession, all the values between zero ays an
infinite number of distinct solutions are obtained. The solu-
tion which is preferable, from a practical standpoint, may be
selected after computations are completed for a number of
values ofr. As for N, it should be chosen large in propor-
tion to the precision required. It should be an even number,
and preferably not less than twice the number of steps to be
used.

The sum which occurs in the denominator is an infinite
series, but it converges rapidly and in most practical cases it
should be sufficient to use three or four terms. The function
occurs with negative arguments in this expression. This does
not imply negative frequencies but is merely to be taken as a
convenient notation. The expressibii—w) is merely to be
interpreted as the conjugate B{w), wherew is positive.
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APPENDIX VIII

It is required to compute the mean power of a wave char-
acterized by the shape factor,

Flw)y=2, for0<w < 2rs,
F(w)= /2, forw=2rs,
Fw)=0, forw> 2rs.
Such a wave is
N/2
Ao/2+ Z(A" cosnpt + B, sinnpt). Q)
n=1

It will be sufficient to add the squares of the sinusoidal
amplitudes divided by 2, to the square of the d-c. component.
This gives for the mean power

N/2—1

By/oz
A | S @B+ 22 (@
n=1
Since
A, =2C,, forn < N/2,
B, =25, forn < N/2,
B2 = V282,
the power is:
(N/2)—1
C3 42 Z (C2452)+ 3o ()
n=1
Now
C; N2 Z Z apayq COS
h=1 g=1
X (h = 1/2) cos %m —12), @)
n 2 Z Z QpGyg sm
h=1 g=1
« (h— 1/2)Sin27(q— 1/2). (5)
Adding
C2+4+ 52 = N2 Z Z anty COS (h —q). (6)

h=1g=1
Substituting equation (6) in (3) and remembering hat,
andS, are identically equal to zero, the total power becomes:

1 N (N/2)—1
ZZahaq 142 Z COS— h—gq)
h=1g=1

+cosm(h—q)
N N (N/2)—1 2
— N2 Z Z apQq Z COs T(h — G/)
=1 q=1 n=0
N/2

—1—2 COS— h—q)

cos N(h —g)sinw(h — q)
sinw(h —q)/N

=3z Z Z anyq (D)

h=1q=1
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The expression in parenthesis is equal to zero uriless precisely. Both representations are limited to a finite number

¢, in which case it equald’. Hence the power is: of signal elements—the series because its period must be fi-
1 X nite, and the integral because of equation (2).
N Z ai. (8) While these analyzes are true for any successiotV of
L=1 signal elements which may be selected, their utility depends
upon severe restrictions on the signal elements which pre-
APPENDIX IX cede and follow the signal under analysis. To be of value in

The Fourier Integral: Up to the present the Fourier series ~ Circuittheory the series demands that the succeeding and pre-
theorem has been used in the analysis to the exclusion of the?€ding elements consist of an indefinitely great number of
Fourier integral theorem which is closely related to it, and €Petitions of_the s.|gnal underanaIyS|s_. S|m|IarI_y,_the integral
it seems desirable to give a brief discussion of the Fourier depends for its utility on the assumption that it is followed
integral at this point. In order to keep the discussion brief @nd succeeded by infinite sequences of elements having the
it will be necessary to make it sketchy and incomplete in magnitude zero. These restrictions are normally not serious

respect to details. The complex notation will be used becauseP&cause there is no limitation v other than that it should
of its compactness. be finite. In addition to being equally exact, the two methods

The Fourier integral theorem states that then appear to be substantially equally general (or restricted)
1 [ +o0 in respect to the complexity of telegraph signals which they
f&) == / du/ FXW) cosu(t — N)dA, (1) are capable of representing.
TJo e ) ) . As might be surmized, most of the results obtained in the
regardless of the form of the functigfift), provided itmeets  aner follow from either method of treatment. First, if the
certain requirements. The requirement which is of impor- . \ave is analyzed by the integral method it will be found

tance in telegraph theory is that that.J(w) separates into two factors, a discrimination factor
/+°° ()| dt = a finite number @) and a shape factor. The discrimination factor has the property
oo ' of falling into equivalent bands, each of width equal to the

The quantity: is so far a mathematical quantity which serves speed of signaling. From this it is concluded that the neces-
only as a variable under the integral sign, in the same sensesary frequency range does not exceed the speed of signaling.
thatA does. In studying the integrand it will be assumed that The various ideal form factors corresponding to various cri-
u is identical with the quantity which occurs in expressions  teria follow with somewhat greater difficulty. Whereas the
for impedances and admittances. With this assumption theseries treatment led to a system of linear algebraic solutions,
theorem expressed by equation (1) can be written, in complexthe integral treatment leads to a system of integral equations.

notation: The only outstanding difficulty with the integral analysis
I = L teo 7 it 3 appears in connection with establishing the fact that the min-
() =3 - (w)e™ dw, (3) imum frequency band equals the speed of signaling. In other
1 [+ ‘ words, while itis easy to show that the information contained
J(w)=— / I(t)e ™" dt. 4 in one frequency band of widts) is sufficient for the trans-
T . . . . <o .
o0 mission of intelligence, it is difficult to show that it is also

1(t) expresses the wave as a function of time diid) ex-
presses it as a spectrum or a function of frequency.

For comparison we will now write down the Fourier series
theorem in an analogous form:

necessary. On the series analysis as used in the paper, this re-
sult followed very easily from the well-known principle that

the number of unknowns which can be found does not exceed
the number of given equations. When the frequency com-

+oo . .
1 st ponents are not discrete but form a continuous spectrum no
I(t) =3 D Kw)e™ Aw, ) such simple argument appears to be available. A somewhat
= full discussion will be given.
1 +7/Aw ) . . i oo
K(w) == / I(t)e™ ™t dt (6) On considering the matter it is apparent that the difficulty
T Jox/Aw arises from the lack of a precise formulation of what is meant
wherew takes the values &b Aw, £2Aw, etc., andAw is 27 by transmitting intelligence. No formal criterion was neces-

times the reciprocal of the fundamental period of the series. sary in the case of the Fourier series treatment, but it will
It will be apparent that there is a close, formal similarity be- be necessary to formulate one to make satisfactory progress
tween equations (3) and (4) on the one hand, and equationswith the integral treatment. Stated in general terms the re-
(5) and (6) on the other. quirement of the received wave is that it should be possible
Now let the wavel(¢) represent an arbitrary telegraph to make measurements on it extending over a finite interval,
signal made up ofV signal elements. Formulas (4) and (6) and from these measurements (together with the known prop-
give alternative ways for expressing the wave spectrally. The erties of the admittance) to determine the sent wave. More
latter represents the wave as a series of discrete frequencgpecifically, it should be possible to express the magnitude
components; the former represents it as a continuous specfactors of the sent wave as a linear sum (or integral) of the
trum. Both representations are exact when properly inter- measured values of the received wave. If the sent and re-
preted, although they differ in form; for when substituted in ceived waves are expressed as functions aihd the compu-
formulas (5) and (3) respectively they yield the original wave tations modified accordingly, itis obvious that the operations

304 PROCEEDINGS OF THE IEEE, VOL. 90, NO. 2, FEBRUARY 2002



can be carried out on the sent wave in which case the receivedntegrating it with respect té a suitable value foyf (¢) may

wave will be nondistorting. We may then lay down as a crite- be obtained.

rion for a telegraph system’s ability to transmit intelligence,  If Y has a finite number of simple zeros, the functig”

that it should be possible to shape the sent signals so as tanay be broken up into a number of terms each of which has

make the received wave nondistorting. In the remainder of not more than one simple zero; and the individual terms can

the Appendix this criterion will be used. It will be apparent be treated as above.

that the introduction of this criterion constitutes, in a sense, When the functiont” has double zeros, or zeros of any

a fresh start. finite order of multiplicity, suitable values of the function
Taking for the criterion of a nondistorting wave that it f(¢) can be found by an extension of the same method.

should have correct magnitude at the central point of the time  The significant results for a simple case will now be stated.

unit, and limiting the discussion to the case where the fre- Suppose that the transfer admittance has a simple zero at the

quency is limited to the range 6-the shape factor of the re-  origin (as in telegraphing through a transformer); the sent

ceived wave is uniquely determined and is 2 throughout that wave, which gives a distortionless received wave, does not

range. The shape factor of the transmitted wa\&/is and approach zero asapproaches-oc but approaches a constant
the wave form at the sending end is a. If the zero at the origin is double (telegraphing through a
+275 gt g, high-pass filter, made up of one series condenser and one
fs(t) = / —_ (7 shunted coil) the sent wave should approach the vialzes
—2ms V(W) t approachesc. For a triple zero the corresponding asymp-

If 1/Y is finite throughout this range, this integral has a defi- totic value is of the form:?, etc. It is obvious that as the
nite value. IfY” has a simple zero at = w, the integral may multiplicity of the zero increases the function representing

be written the sent wave rapidly becomes more and more unmanage-
1275 o i(w—wa)t able. Now, ifY” becomes zero throughout a finite interval at
ioat 2e dw o ) ; . o
() =e T (8) the origin, we may think of it as having a zero of an infi-
—27s w

nite order of multiplicity. It is to be expected then that there
The first derivative with respect toof the definite integral should be no finite function capable of satisfying the require-
may now be evaluated. The derivative is determinate and by ments.
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